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Preface
Waves are fascinating, important and challenging.
The importance can be substantiated from some well-known observations:
Half of the world population lives less than 150 km from the coast
The sea is a relatively easy medium for transport of people and goods (half of all
the world crude oil and increasingly more natural gas) and for intercontinental
telecommunication through cables
Ocean resources of food and minerals are only at the start of discovery, pro…ts
from wind parks and harvesting of wave energy in coastal areas is expanding.
Therefore, a sustainable and safe development of the oceanic and coastal areas is of
paramount importance. Nowadays that means that for the design of harbours, breakwaters and ships, calculations are performed with increasingly more accurate and fast
simulation tools. Tools that are, packaged in software, based on the basic physical laws
that describe the properties of waves, the wave-ship interaction, the forces on structures,
etc.
HAWASSI software is aimed to contribute to extend the accuracy, capability and
speed of existing numerical methods and software using advanced applied-mathematical
modelling methods that are at the basis.
A basis with a rich history that is fascinating and challenging. Starting in the 18th
century with Euler who generalized Newton’s law for ‡uids, in the 19th century Airy
‘solved’the problem to describe small amplitude surface water waves. In that same century, many renowned scientists like Scott Russel, Stokes, Boussinesq, Rayleigh and Korteweg & De Vries investigated the nonlinear aspects of …nite amplitude waves. As much
as possible without the need to fully calculate the internal ‡uid motion, started with
Boussinesq in an approximative way, this was formulated accurately in the 1960-1970’s
by Zakharov and Broer by providing the Hamiltonian form of the dynamic equations.
HAWASSI software is based on these last …ndings, with methods for making the
principal description into a practical (numerical) modelling and implementation tool.
Let nature tell its secrets
Listen to the physics in its mathematical language
Restrain from idealization
Only then models will serve us in abundance
This service booklet provides a short introduction to the basics phenomena and
description of water waves and the basic underlying methods for the models used in
HAWASSI software.
In Chapter 1 a rather extensive description is given of basic concepts such as dispersion, di¤raction, shoaling, nonlinearity, spectra, etc. of long crested and short crested
v
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wave phenomena, with the purpose to introduce knowledge of phenomena that is essential in the process of interpreting the results of simulations.
Chapter 2 provides the basic description of irrotational free surface water waves, the
classical description in terms of partial di¤erential equations;
Chapters 3 describes the Hamiltonian-Boussinesq approach to surface waves: the
formulation as a dynamic system in Hamiltonian form, and the way how Dirichlet’s
principle is used to arrive to the dimension reduction by modelling, instead of calculating,
the interior ‡ow. It also contains the layout of the numerical spatial discretizations
that retain the basic Hamiltonian form and guarantees energy conservation, avoiding
instabilities.
Chapter 4 specializes to the basic description of the two models that are part of
HAWASSI software, the (Optimized) Variational Boussinesq Model and the AB- model.
Appendix A provides a scholarly description of the ’Art’ of scienti…c simulation,
and Appendix B a condensed account of variational methods.
The manuals of HAWASSI software contain descriptions of test cases for hands-on
simulation with the software that can illustrate the phenomena, and at the same time
makes the user familiar to deal with the software in a critical and responsible way.
References to literature and original sources are given.
We add with pleasure that this is work in progress: our understanding and learning
together with others continues and will hopefully get appropriate description in new
versions of this booklet and improved and in extended versions of HAWASSI.
May 2016,
Andonowati & Brenny van Groesen
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CHAPTER 1

Basic wave phenomena and descriptions
In this chapter we introduce the basic concepts of water waves. A su¢ cient understanding of these physical concepts, and the translation to mathematical formulations,
will be essential for the understanding of the consecutive chapters. While a selection can
be made in reading the next chapters, it is advised to read the full contents of this …rst
chapter to obtain the mental infrastructure that will facilitate the reading and reasoning in the next chapters. Readers with su¢ cient background, will be able to digest the
contents in a minimal amount of time. The way of writing in this chapter is aimed to
introduce less mathematically mature readers into the formal formulations of gradually
increasing mathematical-physical methods later-on.
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1. Heuristics
1.1. Introduction. Waves at sea are fascinating to watch from a beach or ship.
For calm seas, the seemingly monotone wave patterns still show large variations in wave
height and in time and distance between waves. Long crested waves are accompanied
and disrupted by much shorter waves which can arise and disappear any moment. Near
beaches, wave heights can grow substantially and may break to form waves that are
spectacularly used by surfers. During storms, waves can become very high and develop
foamy crests; the abundant dynamics doesn’t leave the patterns unaltered for even a
second. High waves during storms or caused by the bathymetry or by collision against
constructions (o¤-shore or onshore against break waters) can do great harm to ships,
the constructions and to people living near the coast.
The fascination and the practical relevance have been the stimuli for extensive studies
on water waves, probably as long as people live on earth but certainly in the past
centuries. Even more so, the scienti…c development in physics and mathematics since
the 17th century has been stimulated considerably by the investigations of water waves.
Despite large successes and great achievements, until this moment still many problems
remain to be solved; problems at a basic level of understanding and modelling, as well as
problems that arise from ever-increasing new technical demands, such as predictions of
waves at a ship from radar observations in real time that can support sea operations for
the o¤-shore industry with oil-gas activities, helicopter landings, etc. Improved design
of harbours and breakwaters for beach protection can pro…t from further improvements
as well.
The key to scienti…c development are improved qualitative mathematical-physical
modelling of the complicated processes underlying the water wave dynamics. To investigate the models, and to obtain quantitative information from them, most times
numerical implementations of the models are required. E¢ cient and reliable numerics
should go hand in hand and become part of the modern modelling process.
These lecture notes aim to serve an initial understanding of the main notions needed
to discuss about waves in the ocean and seas and to explain the background of some of
present models.
1.2. Geometric-Kinematic description. Looking at the waves approaching a
beach, we can illustrate the most important aspects of water waves. We observe the
water elevation, relative to some zero level in the absence of waves. We will denote the
elevation by (x; y; t) where x; y are the two horizontal coordinates (say x towards the
coast, y along the shore), and t the time.
Taking a picture, a snapshot, we see the water surface, consisting of a large combination of distinguishable waves: the wave crests and troughs more or less parallel to the
coast line. Looking in the x-direction towards the ocean, we see a succession of wave
crests and troughs, from more or less regular patterns far away, to breaking waves closer
to the coast, to smaller waves up to the shore line. This snapshot, say at t = t0 , is
described by the spatial function (x; y) ! (x; y; t0 ), the wave pro…le.
On the other hand, we can imagine to stand in the water at a …xed position (x0 ; y0 ),
and experience the changing water height as function of time: t ! (x0 ; y0 ; t), which is
the wave signal at that position. The dynamics causes a continuously changing pattern
of the complete wave …eld: t ! (x; y; t) :
Characteristic of the above description is the recognition of the di¤erence between
the wave …eld pattern (pro…le) and the dynamics. Let us write this in a very simpli…ed
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way, restricting to one spatial variable, x, in the o¤-shore direction. If we denote the
wave pro…le at a certain moment by x ! p (x), the simplest possible dynamics would be
a translation of that pro…le with a constant velocity c. That translation is described by
(x; t) = p (x

ct)

and shows that the spatial pro…le can be recovered by the time signal at a …xed position.
This type of translational wave motion describes approximately the incoming waves far
out of the coast; then approximately the wave pro…le has some periodic pattern. The
simplest periodic pro…le is described by a harmonic function like sin (kx) where k is the
wavenumber, related to the wavelength according to k = 2 = : Then the translation
with speed c is given by
(x; t) = sin (k (x ct)) :
The time signal at a …xed point is sinusoidal also, and periodic in time with period T
given by T = 2 =!; where ! is the frequency, in this example given by ! = ck. This
shows that for such so-called harmonic waves, there is a relation between spatial wavelength and time period determined by the velocity; this relation is called the dispersion
relation in the following. The velocity c is called the phase speed, since when shifting
with speed c (a straight line in the x; t-plane), we follow the wave crest or wave trough.
1.3. Physical ingredients. The above is a purely mathematical description of a
simple wave phenomenon, but cannot determine what the actual speed is. To …nd this
out we need a more precise description of the physics underlying the wave motions. This
will be done extensively in the following. Here we will just give a simple dimensional
argument to illustrate the basic physics.
The physical dimension of a speed is length per time unit, say meter per second,
[c] = m=s
and we look for others parameters in the wave phenomenon that can lead to this dimension. There are two obvious length scales, the depth of the water, denote this by D, and

4
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the wavelength ; both have dimension of length:
[ ] = m; [D] = m
Clearly we need another parameter that contains the time. This is given by the driving
force of wave propagation, which is the gravity. Indeed, in the absence of gravitation,
there would be no obstruction to have a hump of water that remains stationary; gravitation will try to equalize the water surface, providing the driving force for changes in
the water surface.
Denoting by g the gravitational constant, g has the dimension
[g] = m=s2
These seem to be the only parameters that have to be taken into account, when ignoring
viscosity e¤ects. Hence we get the possible relations
p
p
c
gD or c
g
This simple dimensional analysis is quite successful in this case, since both results are
valid in two (opposite) limiting cases. Indeed, in the next Section we will see that it
turns out that for waves of small amplitude (in the linear limit), it holds that
p
(1.1) c = gD for long waves ( =D >> 1) , the shallow water limit
p
(1.2) c = g = (2 ) for waves on deep water ( =D << 1) , the deep water limit
As one result, we can conclude that the example of the translation of a wave pro…le with
constant speed can only be expected to hold above a ‡at bottom. When the bottom is
not ‡at, the bathymetry D = D (x) will determine the change of the propagation speed,
for long waves like
p
(1.3)
c (x) = gD (x)

The changing speed will lead to changes in wavelength and in amplitude, as we will see.
1.4. Math-physical description with pde’s. We will show and derive the governing wave equations in Chapters 2 and 3 based on physical considerations, like mass
conservation and Newtons law of motion, and the more sophisticated formulation with
variational principles. Just like dynamical systems from Classical Mechanics, with the
pendulum equation and the harmonic oscillator as prime examples, we are used to describe the dynamics with di¤ erential equations. The same will be true for the wave
dynamics: …rst and second order derivatives with respect to time of the surface elevation will appear. But, di¤erent from the discrete mass systems of classical mechanics,
we are now dealing with a ‡uid, a continuous system, in which the particle index is
replaced by a continuous space variable, like x above. Interactions between neighbouring ‘particles’are then expressed using the derivative with respect to x. The relation
between derivatives with respect to time and space of one quantity are called partial
di¤ erential equations (pde’s). We will show the simplest example of a pde here, which is
related to the simplest wave phenomenon, i.e. the translation equation. To that end it
is noted that it can be observed that the uniform translation with velocity c, described
by (x; t) = p (x ct), satis…es the so-called translation equation, given by
(1.4)

@t =

c@x :

Conversely, any solution of this equation is given by (x; t) = f (x
f . More precisely, if the initial pro…le, at t = 0, is given,
(x; 0) = f (x) ;

ct) for some function

1. HEURISTICS

5

we …nd uniquely the solution (x; t) = f (x ct).
The above pde is the simplest wave equation, and illustrates that when having
derived wave equations from physical principles as pde’s there is the possibility to look
for solutions that satisfy speci…c initial conditions.
The more general second order pde
(1.5a)

@t2 = c2 @x2 ;

which can be written like (@t c@x ) (@t + c@x ) = 0, allows both waves running to the
right and to the left, and has as general solution
(x; t) = f (x

ct) + g (x + ct)

for arbitrary functions f and g which may be determined by prescribing and the
velocity of the surface @t as functions of x (i.e. at each place) at an initial time.

6
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2. 1HD Harmonic waves and dispersion
The simplest possible example of a ’wave’(illustrating a pro…le at …xed time, a time
signal at …xed position, and a translation in space with increasing time) is a harmonic
wave
(1.6)

A cos (kx

!t + )

with A the (real) amplitude and the (real) phase of the wave.
To formulate the following more concisely, we introduce complex notation and consider harmonic modes with wave number k and frequency ! :
(1.7)

a exp i (kx

!t)

The wavenumber and frequency are related to the wave length
according to

2
T
The amplitude a will be complex in general, and includes information about the phase
; in the example above
a = A exp (i )
(1.8)

k=

2

and the period T

;! =

By writing exp i (kx !t) = exp ik (x ct) with c = !=k, we observe that the mode
translates with the phase speed !=k.
Depending on the problem at hand, there is a speci…c relation between k and ! to
guarantee that such modes are solutions; that relation is called the dispersion relation.
For the simple case of the translation equation, @t + c0 @x = 0; we saw already that
the dispersion relation is ! = c0 k: This relation between k and ! is linear; when that is
the case we call the equation non-dispersive.
In most cases, this dispersion relation ! = ! (k) will depend nonlinearly on k, i.e.
the phase velocity will not be constant but depend on the wavenumber:
(1.9)

c = c (k) =

! (k)
k

then we talk about dispersive wave equations.
In particular, for water waves to which we will restrict ourselves, the wave dispersion
for in…nitesimal waves is given by the following remarkable formula:
q
p
! = (k; h) = c0 k tanh(kD)
(1.10)
;with c0 = gD
kD
Hence, the harmonic modes are given by

a exp i (kx

(k) t)

with the + sign is for waves running to the left, and the sign for waves running to the
right.
The explicit formula for
can be well understood, as we will see in Chapter 3.
Observe the limiting cases
(1.11)

(k; D) !

c0p
k
k g= jkj

for kD ! 0
for kD ! 1
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Figure 1. Plots of the phase speed
p (upper curve) and the group speed
(lower curve), normalized by c0 = gh, as function of kh.
The graph of the function
k ! (k) for …nite depth is a concave curve, with slope c0
p
gk for k ! 1. The phase velocity is given by
near k = 0 and
r
tanh (kD)
(1.12)
C (k; D) = = c0
k
kD
leading to the expressions for the phase velocity that were mentioned in the previous
section:
p
gD
for kD ! 0 (shallow water)
p
p
(1.13)
C (k; D) !
g= jkj = g = (2 ) for kD ! 1 (deep water)
The group velocity is de…ned as the derivative of , and has limiting values as
p
gD for kD ! 0 (shallow water)
(1.14)
V (k; D) = @k (k; D) !
1
C
kD ! 1 (deep water)
2 (k) for

Plots of the normalized velocities C (k; D) =c0 ; V (k; D) =c0 as function of kD are given
in Fig. 1.
Observe that the phase and group velocity decrease with increasing kD, so for decreasing wavelength. The speed c0 is the maximal speed for long waves; for shorter
waves the speed monotonically decays to zero.

8
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3. Special phenomena
3.1. Waves over bathymetry. To get a feeling for the dependence on depth, Fig.
2 shows curves for di¤erent values of D for wavelength, group and phase velocity as
function of the period, and Fig 3 the wave length for period T = 12 as function of
depth. In Fig 4 for a single linear mode from the deep ocean to the shallow coastal area,
during which the frequency is …xed, the phase velocity decays monotonically during the
transition, but the group velocity shows a non-monotone behaviour.

Figure 2. Wave length (red), group (blue) and phase velocity (black)
as function of peak period.

Figure 3. The wave length as functio of depth for period T=12 (red),
10 (blue) and 6 (black)

Shoaling
For a harmonic wave running from deep to shallow water the frequency remains
…xed. Hence the wave length changes such that
(1.15)

!=

(k (x) ; D (x)) constant

or
(1.16)

k (x) =

1

(!; D (x))

p
In the limit for long waves this is simply ! = c (x) k (x) with c (x) = gD (x), hence
k (x) = !=c (x), and the wave length decreases with the square root of the depth when
running in shallower water:
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Figure 4. Group velocity as function of depth for di¤erent period T=12
(red), 10 (blue) and 6 (black)

(1.17)

(x)
0

c (x)
=
=
c0

s

D (x)
for long waves
D0

But this has also a consequence for the amplitude of the wave. In order to measure
this, we introduce the energy of the wave pro…le over one wave length L: for
=
a sin (kx) this energy E is related to
Z

L

a2 L
2
0
Conservation of this variance implies that the amplitude will depend on the depth,
a = a (x), according to

(1.18)

E=

a2 sin2 (kx) dx =

(x) :a2 (x) = constant.

(1.19)

Hence the amplitude increases according to
1 (!; D (x))
a2 (x)
0
=
=
1 (!; D )
a2 (D0 )
(x)
0
For long waves the increase is found to be inversely proportional to the fourth root of
the depth:

D0
a (x)
=
a (D0 )
D (x)

(1.20)

1=4

:

Observe that according to this formula a (x) ! 1 for D (x) ! 0. Nonlinear e¤ects
(including breaking) and bottom friction (which decreases the energy) will dominate
the behaviour for shallow depths, so that this limit is not realistically obtained. The
e¤ect of amplitude increase when running in shallower water is called shoaling.
3.2. Bi-harmonic waves. Superposition of many waves leads quickly to complicated wave patterns, as will be shown below. Here we consider a special case to illustrate
the concept of group speed.
Consider the superposition of two harmonics of the same amplitude with (slightly)
di¤erent wave lengths
(1.21)

BH

= sin (k1 x

!1 t) + sin (k2 x

!2 t)

10
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Using a simple identity from geometry we can rewrite this as
(1.22)

BH

= 2 sin kx

!t cos (( k) x

( !) t)

with
1
1
(k1 + k2 ) ; ! = (!1 + !2 )
2
2
1
1
k = (k1 k2 ) ; ! = (!1 !2 )
2
2
The sum is a multiplication of two waves
k=

carrier wave = sin kx

!t

envelope wave = 2 cos (( k) x

( !) t) = 2 cos ( k) x

!
t
k

Especially for small k, and hence small !, it shows that the sum is a modulation of
the carrier wave; the modulation is an envelope wave that has long wave length ( 1= k)
with the form of a beat pattern. Di¤erent from the carrier wave, the envelope has a
speed that is (approximately) equal to the group speed: !=
@k (k; D). (See
Exercises)
3.3. Boundary conditions. Until now we have reasoned as if there is no limitation
on the spatial domain. In reality, of course, we will have to deal with waves in bounded
domains. This implies that at the boundary we need to specify the characteristics of
the boundary by so-called boundary conditions. A physical boundary is for instance the
sea-land boundary at the shore line. But when designing a numerical domain, often
we will have arti…cial numerical boundaries in the ocean to reduce the computational
domain. These boundaries should be such that incoming waves (from the exterior part of
the ocean) can be ‡uxed into the numerical domain, while, on the other hand, re‡ected
waves approaching the boundary from the interior should not be a¤ected by this arti…cial
boundary; transparent-in‡ux boundary conditions are then needed. In fact, the problem
to de…ne suitable boundary conditions, and their consistent numerical implementation,
is still a problem that is often more di¢ cult than the derivation and implementation of
the internal equations.
3.3.1. Full and partial wave re‡ection. As an example of boundary conditions, consider a wave above a ‡at bottom approaching from the left a hard wall at x = 0. Taking
as model equation the second order wave equation,
(1.23)

@t2 = c2 @x2 ; for x > 0

suppose that the incoming wave is given by F (x ct), for some function F . At the hard
wall, we require the wave to be (perfectly) re‡ected, which corresponds to the boundary
condition
(1.24)

@x (0; t) = 0

Then the total solution is given by
(1.25)

(x; t) = F (x

ct) + F ( x

ct) for x > 0

which includes the full re‡ection at x = 0.
In particular, for an incoming harmonic wave from the left
in

= a sin (kx

!t + )
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bouncing against a wall at position x = 0, the fully re‡ected wave is given by
ref l

= a sin ( kx

!t + )

so that the resulting elevation is given before the wall x < 0 by
in

+

ref l

= a [sin (kx

!t + ) + a sin ( kx

!t + )]

= 2a cos (kx) sin ( !t + )
which is a standing wave: the pro…le 2a cos (kx) is stationary but its amplitude changes
in harmonically in time according to sin ( !t + ).

For a partially re‡ecting harmonic wave with re‡ection coe¢ cient R the elevation
can be written as
R

= (1

R) a sin (kx

!t + ) + 2Ra cos (kx) sin ( !t + ) for x < 0

= (1

R) a sin (kx

!t + ) for x > 0

3.3.2. Transparent boundary conditions. On the other hand, suppose we want the
point x = 0 to be an arti…cial boundary that has to be completely transparent; this is
for instance desired if we only want to calculate in the interval x < 0, while the physical
domain is actually the whole real line. Then a wave from the left travelling to the right,
like F (x ct), should not be disturbed by the boundary at x = 0. This can be achieved
by requiring the transparent boundary condition given by
(1.26)

(@t + c@x ) = 0 at x = 0

If we take
(1.27)

(@t + c@x ) =

(t) at x = 0

the boundary x = 0 is still transparent for to the right travelling waves, but at the same
time describes an in‡ux that generates a wave travelling to the left given by
(x; t) =

(t + x=c)

where is related to according to 2 0 (t) = (t).
In more general cases, such as dispersive waves consisting of a superposition of
harmonic waves with di¤erent wave length, or nonlinear waves, or waves above varying
bottom, derivation and implementation of such boundary conditions can be much more
di¢ cult, making it an area of ongoing research.
3.4. Dispersive wave (de-)focussing. The e¤ect of dispersion has many consequences. Take as initial value for the wave form a positive ’hump’, such as for instance
a Gaussian pro…le. Then since the Fourier transform of a Gaussian is a Gaussian also,
the initial pro…le consists of waves of any length. The evolution of the hump for t > 0
shows that the Gaussian pro…le falls apart in two deforming pro…les running in opposite
directions. Consider the waves travelling to the right. The wave modes with longest

12
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Figure 5. A mild focussing wavegroup, where faster running waves
catch up with slower waves at a (designed) focussing position near 20m.
In the lower plot elements of the propagation in de tank starting at 0 are
shown by the curves of the Maximal and Minimal wave heights at each
position.

wave length contributing to the initial pro…le, will travel fastest, waves with shorter
wave lengths will travel slower. Hence (half of) the initial pro…le will become broader
with increasing time.
This explains that waves that are originally generated by a storm in the ocean, and
then travel and approach the coast, are ’separated ’: the longest waves that will arrive
…rst, called swell, followed by shorter waves (that usually have much less wave height
and are less observable).
Dispersion is also used in a hydrodynamic laboratory to make a very high wave by
dispersive focussing, waves that are much higher than could be done by the wave board
in a single stroke. The e¤ect of dispersion, and the (nearly) constancy of the spectrum
for linear propagation of unidirectional waves, is well illustrated by the plots in Fig.5 of a
focussing wave group generated and measured in a long wave tank at the hydrodynamic
laboratory MARIN (Maritime Research Institute Netherlands).
At the wave ‡ap (at the left of the tank, at x = 0), …rst higher frequency (shorter
wave lengths) waves of moderate amplitude are generated, followed by smaller frequency
(longer) higher waves, as is shown by the time signal at x = 0. While running to the right,
the shorter waves travel slower than the longer waves, so that the longer waves catch
up with the slower ones. Then superposition of the colliding waves gives a substantial
amplitude ampli…cation, here at a position approximately x = 20m from the wave ‡ap,
as shown in the time signal at the right. This speci…c phenomenon happens only because
the phases of the generated waves are taken very special at the wave ‡ap. As we can
see, the spectra of both signals are (almost) the same, indicating that this case is close
to the linear evolution.
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A total view of the dynamic evolution in the wave tank is shown at the lower plot
which is obtained by a numerical simulation (with the AB-equation) since such measurements cannot be done in the wave tank. In that plot the maximal and minimal surface
elevation at each position (the MTA: Maximal and Minimal Temporal Amplitude, respectively) is shown, together with a snapshot of the wave pro…le at the moment that
the maximal height is obtained. Observe that according to this simulation the position
of highest elevation is actually around 21m, somewhat di¤erent from the targeted position; this illustrates that such simulations can be of help for laboratory purposes, for
instance when the performance of a ship in high waves has to be investigated.
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4. Long-crested Sea waves (irregular waves)
In reality the sea surface elevation consists of a combination of waves of di¤erent
wavelength from di¤erent directions. We …rst concentrate on unidirectional waves running in the direction of the positive x-axis: long-crested waves. Later short crested
waves in 2 horizontal dimensions will be described.
An almost perfect reference to the topics discussed (in much more detail than) here
is the book
L.H. Holthuijsen, Waves in Oceanic and Coastal Waters 2007
4.1. Irregular waves. In the linear case of waves with su¢ ciently small amplitude,
we can assume the elevation to be a pointwise superposition, so
(1.28)

(x; t) =

m am cos (km x

!m t +

m)

with !m =

(km )

where the amplitudes am and the phases are not related to each other; the phases are
modelled to be random with uniform distribution in [0; 2 ]. Linear superposition of
many wave modes leads to complicated wave patterns.
We will use the continuous description with Fourier integrals in the following very
regularly. A superposition of to the right travelling waves is then described as
Z 1
(1.29)
(x; t) =
(k) ei(kx (k)t) dk
1

This is real valued provided

( k) where the bar denotes complex conjugation.

(k) =

Remark 1. Note that if we write the complex amplitude as
(k) = a (k) ei
with a (k) the real amplitude and
the phase is skew symmetric:

(k) a real phase, the elevation
( k) =

i.e.

The initial pro…le is given at t = 0 by
Z
(x; 0) =
(k) is the Fourier transform of

Notation 1. Here and
form in space and time as
Z
f (x) =
Z
s (t) =

(k)

will be real only if

(k)

(k) ei(kx) dk

(x; 0)

in the following we use notation for Fourier (inverse) transf^ (k) eikx dk;
s (!) e

i!t

d!;

1
f^ (k) =
2
s (!) =

Z

1
2

f (x) e
Z

ikx

dk

s (t) ei!t d!

Likewise, the time signal at position x = 0 (as measured by a buoy there) is given
by
Z
(0; t) =
(k) e i (k)t dk

which can be rewritten by a transformation in the integral from k to !. To that end we
use the inverse of the dispersion relation (which exists since the dispersion relation for
water waves is monotonically increasing) with the notation
(1.30)

!=

(k) $ k = K (!)
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(1.31)
(0; t) =

Z

(k) e

i (k)t dk

d!

d! =

Z

(K (!)) e

i!t dK

(!)
d!
d!
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Z

(!) e

i!t

d!

where now (!) is the Fourier transform in time (temporal FT) of the point signal (at
x = 0 in this case). Observe that the Jacobian of the transformation is actually the
inverse of the group velocity, expressed as function of !
(1.32)

dK (!)
1
=
d!
Vg (K (!))

This result is of much importance for unidirectional in‡uxing, as we shall see later;
therefore we formulate the result explicitly.
Corollary 1. A unidirectional irregular wave can be de…ned uniquely by prescribing
the signal at a certain position, or the pro…le at a certain time. The relation between
the signal of the wave height s (t) at a certain position, say x = 0, and the wave pro…le
p (x) at a certain time, say t = 0, that lead to the same dynamic wave is given by
(1.33)

(k) = Vg (k) ( (k)) for all k

where (k) is the spatial Fourier transform of p (x) and
transform of s (t) :

(!) is the temporal Fourier

4.2. Sea spectra. The variance of an irregular wave at a …xed position x = 0 can
be calculated, assuming the mean value is zero, as
Z
Z
1 T
2
(0; t) dt = 2
j (!)j2 d!
(1.34)
var ( (0; t)) = lim
T !1 T 0
where
(1.35)

(!) is the Fourier transform of the time signal (0; t) at x = 0
Z
(0; t) =
(!) e i!t d!

This motivates to de…ne the (two-sided) energy spectrum E (!) such that
Z
var ( (0; t)) = E (!) d!
n E (!n ) !
Reversely, given the (discrete) energy spectrum E (!), the amplitudes of the harmonic
modes are determined by a2m =2 = E (!m ) !, or by j (!)j in the continuous description,
i.e.
p
am = 2E (!m ) !
p
j (!)j = E (!)

The complex amplitude (!) has absolute value j (!)j that is determined by the
spectrum. A sea spectrum is speci…c for the sea: it provides info about the amount of
energy with frequency !, i.e. j (!)j2 , but has no phase information
S (!) = j (!)j2

Although there are many di¤erent spectra that describe di¤erent types of sea, often used
is the so-called Jonswap-spectrum, that has various parameters with which a variety of
seas can be described; see below.
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The width of the spectrum determines the ’irregularity’ of the waves, related to
the fact from Fourier theory that a narrow spectrum corresponds with a broad spatial
function, and, reversely, a broad spectrum will produce a narrow spatial function1:
a harmonic wave (which has in…nite broadness) has only a single frequency
and the spectrum resembles a delta-function, the limiting case of a very narrow
spectrum,
a narrow spectrum has the energy concentrated in a rather small frequency
interval; the various wave contributions from frequencies in this interval produce
modulations of the harmonic wave that corresponds with the frequency of some
centre value, and the wave is mildly irregular;
a combination of narrow spectrum peaks with di¤erent frequencies may lead to
very high waves because of nonlinear e¤ects; the linear case of a bi-harmonic
is the simplest example;
a broad spectrum makes the wave pro…le very irregular; the superposition leads
to waves of various amplitude with rather high waves when there is an accidental constructive interference, to very small when destructive interference takes
place.;
an unrealistic, limiting case of a broad spectrum is one with E constant for
all frequencies; if all phases vanish, the superposition would lead to a deltafunction in physical space.
From constructive interference of waves in oceans with a broad spectrum, very high
waves may emerge, so called freak waves that have a wave height exceeding twice the
signi…cant wave height; typically one or two of such waves will appear per 2000 waves. In
seas with more con…ned spectra, such waves may also arise because of nonlinear e¤ects
(combined with constructive interference).
4.2.1. Empirical wave spectra. Waves in the ocean are generated by the wind, which
is rather ‡uctuating in strength and direction. Roughly speaking the wind generates
waves that will run approximately in the direction of the wind, and with wave height
that depends on the wind: the stronger the wind, the higher and longer the waves. One
distinguishes between fully developed seas for which an equilibrium is reached between
the generation process and the wind strength, and fetch-limited seas where the generation process is still developing in time and space (fetch). Measurements of various sea
states have revealed the typical spectra that correspond to these situations, with an explicit simple functional description containing parameters to tune to a speci…c situation.
These spectra are brie‡y described next.
For fully developed waves in deep water, the Pierson-Moskowitz spectrum (one-sided)
is described as
(1.36)

EP M (!) =

0g

2

!p
!

5

exp

5 !p
4 !

4

1 This is most clearly illustrated by the Gaussian function G (x) and its Fourier transform G
^ (k)

given by
G (x) = exp

x2
2 2

^ (k) = p 1
, G
2

2 2

exp

k
2

which shows the reversed dependence of the width of these functions determined by .
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Figure 6. Example of a Pierson-Moskowitz spectrum, for the case of
fully developed wind waves above deep water at a windpseed of U =
10m=s; the peak period is then Tp = 7:7s, the wavelength Lp = 92m,
and the signi…cant wave height Hs = 2:5m.
Here !p is the peak frequency and 0 is an energy scale related to the total energy
(variance) since by integrating over all frequencies one gets
Z
EP M (!) d! = 0 g 2 =5
The main peculiarity of this spectrum is the decay-factor ! 5 for short waves, while the
exponential provides a smooth transition to longer waves. This ! 5 behaviour includes
dominant e¤ects of wave breaking; a ! 4 tail is also used as an alternative (Donelan
spectrum). These spectra are very broad, carrying waves with a large variation in
frequencies.
For fetch-limited waves in deep water, a modi…cation of the PM spectrum has been
found, the so-called JONSWAP spectrum, which allows for a much higher and more
narrow shape around the peak frequency:
(1.37)
(1.38)

EJS (!) = EP M (!) :G (!)
with G (!) =

q

with q = exp

"

1
2

!=!p

1

2

#

The quantity is the peak-enhancement factor, is a peak-width parameter with
di¤erent values before and after the peak frequency !p
(1.39)

=

a
b

for ! < !p
for ! > !p

Typical values are 2 [1; 10] (larger values produce higher and more con…ned spectra),
a = 0:07; b = 0:09.
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For increased time (and fetch), a JS-spectrum will develop into a PM spectrum
mainly by nonlinear wave interactions. The JONSWAP spectrum is most often used.
4.2.2. Wave properties from spectra. By assuming that the random sea-surface is a
stationary Gaussian process (which is implied by the superposition of many independent
waves of di¤erent frequency and random phase), the energy spectrum E (!) determines
all the statistical characteristics of the wave …eld.
To describe the most important ones, we use the de…nition of the mth moments:
Z
(1.40)
mn = ! n E (!) d!
(1.41)

(1.42)

The total Energy, which is the variance of the elevation, is given by :
Z
m0 = E (!) d!

Wave period and frequency. Because of di¤erent possible de…nitions of a
’wave period’there are various alternatives.
For the mean zero-crossing period T0 one gets
p
T0 = m0 =m2
Another possibility is to take the mean frequency of the spectrum, denoted by
Tm01 =

2
!mean

=

m0
m1

The peak frequency !p is the frequency of maximal energy (the position of
the ’peak’):
(1.43)

max E (!) = E (!peak ) ; and Tpeak = 2 =!peak
!

This is approximately the same as the period of the 1=3th longest periods in a
wave record.
Signi…cant wave height Hs is, together with the peak frequency, the most
used term in describing sea and ocean waves. Originally used to indicate the
average wave height as estimated by experienced observers of waves in natural
surroundings, it turned out that this estimated value was actually much closer
to a di¤erent description, which is now the current de…nition, as
Hs = averaged wave height of the 1=3th highest waves in a record

(1.44)

(1.45)

Using the spectrum the signi…cant wave height can be well approximated by
p
Hs 4 m0 in deep water
To indicate that this approximation is used, one may write Hmo instead of Hs .
Maximum wave height. The largest wave height Hmax in a record of N
waves can be shown to be approximated by
p p
Hmax 2 m0 2 ln N
p
For a record with N 2 [1000; 4000] it holds 2 ln N 2 [3:72; 4:07] and hence to
a good degree we get
Hmax

2Hs for N 2 [1000; 4000]
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A typical storm with waves of Tp = 10s; carries 360 waves per hour; if the
duration of a storm is 6 hours or more, we can expect that at most positions
(!) a wave with height 2Hs will have passed.
4.3. Randomness and consequences. For given spectrum, the unidirectional
sea states can be described for given spectrum as
(1.46)

(x; t) =

Z

1
1

p

S (!)ei(K(!)x

!t+ (!))

d!

Here the random phase (!) (satisfying ( !) =
(!) to make sure the elevation
is real valued) turns up, which is assumed to be a random (stochastic) variable: it is
uniformly distributed (=arbitrarily chosen) in the interval [0; 2 ).
The role of the random phase is essential. On the one hand it re‡ects the ’unpredictable’nature of the sea because of several physical perturbing causes that cannot be
described deterministically; it expresses the ’arbitrariness ’of the sea waves, perturbed
by wind, bottom variations, etc.
The importance of this random phase can be appreciated by observing that if at a
certain time and place all phases would vanish, say at x = 0; t = 0, all wave components
would have their highest amplitude there (see the example of a focussing wave above; for
irregular waves this it was called a maximal wave). A consequence of this constructive
interference would be that the resulting crest height at that exceptional point and time
is given by
Z p
S (!)d!
which is an order of magnitude larger than realistic.
The random phases prevent this to happen (that is, will have probability zero),
and leads to a sea that has the following statistical properties which are believed to be
realistic when the depth is deep (except for very high seas during storms when nonlinear
e¤ects disturb these properties somewhat):
the sea is uniform: although at each instant there are many di¤erences between
neighbouring points, when observed over a long time, all the characteristic
quantities (such as Hs ) are the same at each point
the sea is ergodic: measuring the sea over a long time, the same results are
obtained as if the sea has been measured during many di¤erent observations
the elevation is statistically given by a Gaussian elevation distribution (at each
position) as a consequence of the central limit theorem of statistics.
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5. Empirical Wind-Wave relations for deep water
Most waves in the ocean and seas are generated by wind, i.e. by atmospheric pressure
di¤erences that exerts di¤erent forces in time and space on an initially ‡at water surface.
Once the water level is disturbed, the gravity will cause the elevation to deform in time.
Since dissipation in water is negligible (except during breaking and bottom friction near
the coasts), the energy of the disturbance remains practically constant but will be spread
around: ‘waves‘will start to travel away from the disturbance.
If a wind is blowing with su¢ cient strength, various e¤ects will cause the waves to
grow until a certain maximal wave height is obtained, the height depending on the wind
strength. The propagation will be approximately in the direction of the wind, and the
speed of the waves will be close to that of the speed of the wind.
The precise physical processes of wave generation by winds are quite complicated,
and are di¢ cult to model; the results depend mainly on depth, wind duration, and
su¢ cient distance (fetch) for the wave to travel before reaching land areas. Yet for one
special case, there are simple empirical formula that describe the main properties of
the generated (irregular) waves solely by the strength of the wind. That is the case
for so-called fully developed deep water waves, meaning that the waves had su¢ cient
time and distance to travel to be built up to the point that they are in an equilibrium
situation for a given wind strength. Below we present these empirical algebraic relations.
They can be used as approximations to quickly estimate wave properties for given wind.
When the conditions are not satis…ed (for instance for waves above varying bathymetry),
numerical programmes like SWAN have to be used to calculate statistical properties of
the resulting waves from given wind data, or phase-resolved codes that simulate in time
full details of the waves.
In the following we denote by U the wind strength at 10 m height above the water
surface. Then with only U and g as determining quantities, the following relations can
be found from dimension analysis, but the value of the coe¢ cients for Hs and Tp have
been found empirically by matching with observations:
Signi…cant wave height
(1.47)

Hs = 0:24

U2
g

Peak period and peak frequency
(1.48)

Tp = 7:69

U
g
, !p = 0:82
g
U

With these results from observations, we …nd the derived quantities using the dispersion relation:
Wave length (found from deep water dispersion and Tp above):
(1.49)

p

= 9:410

U2
g

Phase speed can be derived from C =
(1.50)

p =T

C = 1:22U
Steepness follows with the quantities above:

(1.51)

ak =

Hs

= 0:08

as
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Figure 7. As function of the windstrength are shown: The signi…cant
waveheight (solid, middle curve), the peak period (dotted, upper line),
and wavelength/100 (dashed, lower parabola).
Pierson-Moskowitz Spectrum. Given Hs and Tp as above, the spectrum
of the irregular wind waves described by the Pierson-Moskowitz spectrum is
completely determined
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Figure 8. Illustration of mode interaction
6. Nonlinearity
In the previous subsections we used abundantly the assumption that the wave model
was assumed to be linear. Because of that assumption, superpositions of solutions
are solutions again, which we used in the description with the Fourier integrals. This
assumption of linearity is an approximation that is accurate only if the surface elevation
is su¢ ciently small, small compared to the depth of the layer and compared to the
wave length. This last condition means that the waves should not be too ‘steep’. For
higher (steeper) waves, nonlinear e¤ects become more important and can lead to large
disturbances, both in amplitude as well as in propagation speed. A superposition of
solutions will not be a solution, so that expansion techniques (like Fourier methods) are
not valid for nonlinear equations.
For water waves the nonlinearity is quadratic, as we shall see. It would be wrong
to think that this is a simple nonlinearity: the e¤ect of nonlinearity cannot simply be
classi…ed by the order, nor that the e¤ects are easily categorized by that. This is already
quite familiar for solutions of the simple ode x_ = xn ; which shows the essential di¤erent
behaviour for the linear case n = 1 and the nonlinear cases with n < 1 and n > 1.
6.1. Mode interaction. For linear equations we have seen that superposition is a
powerful tool; it makes it possible to write down the general solution as superposition
of harmonic modes. One reason that this is possible is that the energy of each mode is
conserved. However, for nonlinear equations modes will exchange energy between each
other because the mode equations are coupled.
This can be illustrated by the fact that the Fourier transform of a product becomes
the convolution of the Fourier transforms. This is illustrated in Fig.8. Two original
modes of amplitude order a, and frequencies ! produce higher order modes by quadratic
nonlinearity: second order modes like !+ ! that will have amplitude of order a2 ; and
third order modes have amplitude a3 , and so on.
This mode generation and interaction causes energy exchange, as we see in the
spectrum of the Strong Focussing Wave Group in Fig.9.
6.2. Breaking wave equation. As an example of possible consequence of nonlinearity, we perturb the translation equation: instead of a constant velocity, we add to
the velocity a (possibly small) fraction a of the solution:
(1.52)

@t =

(c0 + a ) @x
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This means that larger amplitude modes travel somewhat faster (if a > 0) then smaller
amplitude modes. For this simple case the solution can even be written down (which
is exceptional for nonlinear equations), albeit in an implicit way. Indeed, by observing
that
d
dx
(1.53)
(x (t) ; t) = 0 for
= c0 + a
dt
dt
we …nd that is actually constant on the characteristics (lines in the x; t-plane given by
the solutions of dx=dt = c0 + a ). Hence
(1.54)

(x; t) = f ( ) for x

[c0 + af ( )] t =

The solution for increasing time will become a multi-valued function of x for most initial
functions. This resembles somewhat the breaking of a wave, which explains the name
for the equation.
If we try to …nd the solution in the form of a Fourier series, say (x; t) = k ^k (t) eikx ,
we get the set of nonlinear coupled equations for the coe¢ cients ^k :
@t ^k =

c0 (ik) ^k

a

m+`=k

(im) ^m ^`

The quadratic terms turn up because modes eimx and ei`x contribute to mode eikx
if m + ` = k, as illustrated above for 2 modes. Hence the nonlinearity causes mode
generation and mode coupling.
We will not go into further details here, but will give some illustrations of the e¤ect
of nonlinearity in cases with rather simple wave forms.
6.3. Nonlinear focussing waves.
6.3.1. Focussing of a con…ned wave. A more extreme case of a focussing wave than
the one shown before, is illustrated with another MARIN experiment that shows nonlinear e¤ects. Although the focussing phenomenon is mainly caused by dispersive e¤ects,
this case shows subtle, but relevant nonlinear e¤ects. This focussing case is shown in
Fig. 9, starting from 10m and focussing at 50m, with wave forms and their spectra at
these positions, but also at (non-equidistant!) positions in between. This experiment at
MARIN is an extreme case in the sense that observations during the experiment reported
some ’white capping’ (a mild form of breaking) near the focal point. The simulation
reveals almost perfectly the measured elevation. The changes in the spectra from one
position to another also show the substantial e¤ect of nonlinearity; during the evolution
in the tank, and most clearly close to the focussing point, long waves and short waves
are generated.
6.3.2. Soliton on Finite Background. One other example of the e¤ect of nonlinearity
is shown in Fig. 10; this well-structured phenomenon is caused by a rather sensitive
combination of the nonlinear mode coupling as described above and dispersive e¤ects.
The phenomenon can be seen as the process that starts at the left in Fig. 10 ,
where an harmonic wave train enters the domain (travelling to the right). However,
the wave train is slightly perturbed: the amplitude is not constant but modulated
somewhat. Provided this modulation is long enough, the wave train becomes ‘unstable’,
the waves start to grow. This is the so-called Benjamin-Feir or modulation instability.
The growth is caused by nonlinear interactions, that change the wavelength slightly
while propagating. This changing wavelength causes an increase of amplitude. This
leads initially to an exponential increase of the amplitude, but nonlinearity controls the
growth. After a certain maximal wave height is obtained, the reverse process sets in: the
wave height decreases again, and leads to a harmonic wave train further down stream.
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Figure 9. Strong focussing wavegroup, with substantial nonlinear effects as seen by the long and short wave generation near the focussing
point at 50m.

Figure 10. Plot of the Soliton on Finite Background, horizontally the
distance and vertically the wave elevation. Shown is a snapshot of the
individual waves, the envelope that is formed by groups of a few waves,
and the MTA (Maximal Temporal Amplitude). While the waves and the
envelope will move in time, the MTA is steady.
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This full nonlinear evolution can actually be described explicitly in closed formulas.
It is called the Soliton on Finite Background ; the word ‘soliton’ refers to the shape
of the steady envelope of the wave train, the MTA as shown in the plot. The word
‘background’refers to the harmonic wave train. The fact that an explicit description is
available makes this case very remarkable and very exceptional for nonlinear problems.
Nowadays it is believed that this modulation phenomenon may also play an important role in the appearance of freak waves: extremely high waves that all of a sudden can
appear on seas and oceans. Most of the waves will be of only moderate height, but the
freak wave will be at least twice as large. Since such waves (also called rogue waves, or
giant waves) can seriously damage ships, regular warnings are issued for oceanic tra¢ c;
one of the criteria used for prediction is the so-called Benjamin-Feir index, related to
the ratio of wavelength of the waves and length of the modulation.
6.4. Breaking. Breaking of waves is a quite familiar phenomenon. It can be observed when walking along the beach where breaking seems to be restricted to the near
beach area. The shoaling e¤ect will make waves higher, seemingly until they are too
high or too steep, after which they will break. But also on deep water wave breaking
takes place, visible from an airplane when ‡ying to an airport close to the beach. The
form in which wave breaking can occur is usually described as spilling, splashing or
overturning breaking.
The full details of the breaking process and the initiation are not yet well understood.
But it is understood that during breaking energy is dissipated, but that the horizontal
momentum is conserved. As breaking criterion a kinematic condition can be used:
breaking will be initiated when the quotient of particle velocity at the crest (Uc ) and
the actual velocity of the crest (Vc ) exceeds a certain value: Uc =Vc > crit, with crit a
value somewhat less than 1; the precise value cannot be calculated precisely (yet) but
has to be found based on empirical data.
Fig.11 shows a result of a simulation of run-up on a coast; the circles (resembling
white capping) indicate the breaking positions where the kinematic breaking criterion
is satis…ed.

Figure 11. Run-up on a sloping coast; breaking is indicated by the
circles; amplitide decrease caused by the breaking is clearly observable.
Fig. 12 illustrates the large impact of energy dissipation caused by breaking. Shown
are time traces of simulations at a position downstream of an under water bar in a
laboratory that caused the waves to break heavily; the simulation without breaking (red
dashed) shows very high wave (near t = 290; 440) while the simulation with breaking
(dotted black), which nearly coincides with the measurement (solid blue), has much
reduced wave height there.
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Figure 12. Illustration of the e¤ect of breaking: the simulation without
breaking mechanism (dashed line) shows unrealistic high wave elevation
compared to the simulation with breaking at a position after breaking
occurred.
7. Short-crested 2HD waves
Long crested waves as treated above are very di¤erent from the actual waves in the
sea. The generalization from 1HD to 2HD spatial horizontal directions is formally rather
direct. A major role is now being played by a multi-directional spectrum E (!; ), which
provides the spectrum in each direction . But there are still serious questions what type
of spectra do actually describe realistic sea surfaces; measurements in 2HD are much
less available than in 1HD due to the more problematic way to produce and interpret
them.
7.1. Multi-directional sea waves. For 2HD we use the following notation: for
the position in (x; y) space x = (x; y) and for the wave vector k
q
k = (kx ; ky ) = k (cos ; sin ) , with k = jkj = kx2 + ky2
where k is the length of the wave vector k. A single harmonic mode is then given by
(1.55)

(x; t) = a cos (k x

!t + ) = a cos (kx x + ky y

!t + )

For the dispersion relation, the same relations as in 1HD holds, with k = jkj, but we
have to distinguish the direction the wave travels. To specify that, take any direction e,
and call a wave forward propagating with respect to e if the phase speed is directed in
the half-plane that has k as normal direction. Then the dispersion relation reads
(1.56)

2 (k)

= sign (e k)

(jkj)

To understand the propagation direction, take e = ex the direction in the positive xdirection; then kx > 0 is the half plane of positive directions. Stated di¤erently, wave
modes
!
exp i (k x !t) = exp i kx x
t + ky y
kx
with kx > 0 will be running to the right into the positive half-plane x > 0, and with
kx < 0 into the negative half-plane.
Irregular waves are formed as superposition of various modes:
(1.57)

(x; t) =

n;m amn cos (knm

x

2 (knm ) t

+

nm )
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The summation is over two indices (double summation n;m = n m ), related to the
two components of a wave vector: knm = k (!n ) (cos m ; sin m ). Written with Fourier
integrals and complex amplitudes
ZZ
(x; t) =
(m; n) exp i (knm x
2 (k) t) dmdn
The variance at a …xed point x0 is de…ned as before given by
Z
1 T
(x0 ; t)2 dt
(1.58)
var ( (x0 ; t)) = lim
T !1 T 0

This motivates to de…ne the directional energy spectrum E (!; ), also called the frequencydirection spectrum or two-dimensional spectrum, such that
Z
(1.59)
var ( (x0 ; t)) = E (!; ) d!
Reversely, given a (discrete, one-sided) energy spectrum E (!; ), the amplitudes of the
harmonic modes are determined by a2mn =2 = E (!mn ; mn ) ! , i.e.
p
(1.60)
amn = 2E (!mn ; mn ) !

Remark 2. As in 1HD, the amplitudes amn can be obtained from the information of
an initial wave pro…le 0 (x) = (x; t0 ). But now the information of the elevation signal
at a single point (x0 ; t) is not su¢ cient (since this carries only 1D information, while
2D information is needed); information about the elevation on a curve, for instance the
y-axis, will be su¢ cient: s (y; t) = (0; y; t).
It is with present state of knowledge not very clear which directional energy spectra describe actual sea states. Measurements of surface elevations at sea are usually
restricted to point measurements, where the measured wave height is the result of the
collective contribution of waves from all directions. Hence, the experimentally observed
spectra that can be described as a PM of JS-spectrum, say E1 (!), are actually the
direction integrated results of directional spectra:
Z
(1.61)
E1 (!) =
E (!; ) d ;
these are therefore called the one-dimensional spectra. Writing
(1.62)

E (!; ) = E1 (!) D (!; )

we introduce the directional spreading function D (!; ) which is normalized as
Z
(1.63)
D (!; ) d = 1:

Observe that long crested waves travelling in a direction 0 are described formally
with D (!; ) = Dirac (
0) :
Realistic sea waves are usually described with the help of a spreading function given
by a cos2s -function:
(1.64)

D ( ; s) = A cos2s ((

0 ) =2)

for j

with the normalization coe¢ cient A taken suitably.

0j

<

Remark 3. In various publications this spreading function is taken without the factor 21 in the argument of the cosine; moreover, most times, the spreading is restricted to
forward propagating waves (with respect to the direction 0 ).
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Figure 13. Spreading function for multi-directional waves.
For wind waves there is an empirical relation between the power s and the wind
strength. Then the spreading function depends also on the frequency through the power
s, namely
s=2 2 1
where

is the standard deviation
=

Z

2

D( )d

and empirically
0

= 26:9

!
!peak

with

=

1:05 for ! < !peak
0:68 for ! > !peak

Remark 4. Actually there is a serious problem with the ’double summation’ description of irregular waves as in (1.57). Because of the randomness of the sea, we
want a description that produces a so-called spatially homogeneous and time stationary
wave …eld, roughly saying that wave properties should be on average the same at each
position and at each time. And that is not the case for (1.57), because of the fact that
more than one wave direction can correspond to the same frequency, as was noted by
Je¤ erys 1987. If this happens, this will lead to wave interaction that form regular patterns. A simple example is the sum of two waves with the same frequency, one travelling
in the x-direction, the other in the y-direction; with the same amplitude and vanishing
phases (for ease of presentation), we get with a simple goniometric formula
cos (kx

!t) + cos (ky

= 2 cos(k (x + y) =2

!t)

!t) cos (k (x

y) =2)

leading to a …xed modulation pattern cos (k (x y) =2) determined by the lines x y = .
A practical way out is to restrict the description to a ’single summation’ for which with
each ! only one angle is associated:
(1.65)

=

n an cos (kn

x

!n t +

n)

There are various ways to do this; one choice is to choose for each ! the value of
randomly, but satisfying the probability determined by the directional spreading function.
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7.2. Special phenomena from Huygens’principle. Huygens’principle (1690)
deals with the propagation of wave fronts in media such as light in air but also (in a
good approximation) surface waves in water.
The basic idea is very simple, but the consequences lead to important phenomena
like di¤raction and refraction; a basic understanding is useful to interpret results of
simulations.
Roughly speaking, Huygens’principle consists of two ideas:
(i) Inside a uniform medium, a point source (the primary source) will
generate waves spreading in all directions forming a wave front with the
shape of an expanding circle; in a non-uniform media the propagation
speed will depend on the direction of propagation and the circle will be
distorted;
(ii) The propagation of the front is described as if each point at the
front acts like a (secondary) source point from which wave fronts are
generated; the wave front at a later time is then the envelope of the wave
fronts of all secondary sources at the original wave front.
Contemplating on the idea, it explains in a simple way the qualitative behaviour of
di¤raction and refraction, as described below2.
Di¤raction:
Waves above a ‡at bottom that meet a wall that partly blocks the waves, will partly
invade the area behind the wall: there is no sharp transition but points at the wave
front that were not blocked will produce secondary fronts that invade the area behind
the wall, see Fig.14. Note that the edge of the wall is a singularity.
Refraction:
Waves above bathymetry will have propagation speed depending on the depth. This
causes wave fronts to bend in such a way that the front propagation is perpendicular to
the level lines of the bathymetry, see Fig.15. It explains why waves approach the shore
line always (nearly) perpendicular, no matter the shape of the shore line.

2 To be in line with Huygens’ principle (the weak form of it, as in odd-dimensional cases), the

following holds in the limit of shallow water waves for which waves of all wave length propagate with
the same speed. For highly dispersive waves, the longest waves make up the ’front’which then becomes
more vague.
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Figure 14. Illustration of di¤racting waves behind the breakwater.

Figure 15. Illustration of refracting waves near the coast.

8. Simulations
It is suggested to download HAWASSI-Demo version(s) and perform simulations.
Test cases are provided which illustrate many of the topics described in this chapter.
The following suggestions may serve as a guideline.
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(1) Make simulations of 1HD linear harmonic waves; check that waves travel with
the phase speed. Observe the entrance e¤ect, which is described by an Airy
function. Compare results of linear and nonlinear simulations, and observe
di¤erences (wave pro…le, crest height + trough-height, propagation speed).
(2) Make a simulation of a linear bi-harmonic wave; check the property that the
carrier wave travels with the group speed. (Does the carrier wave satisfy the
dispersion relation? And the envelope?) For reasonable values of the parameters, study non-linear bi-harmoinc waves and see (large) distortions.
(3) 1HD focussing wave: using linear simulations, construct an in‡ux signal that
makes, at a speci…ed position downstream, your own focussing wave that has
a Gaussian form with amplitude 1.
(4) Perform a (long-time) simulation for an irregular wave. From the MTA of a
snapshot, detect the position(s) of maximal height; then …nd the corresponding
time signals at these positions; is there a Freak wave?. Then observe (animation) that the MTA in a neighbourhood of the maximal height is also determined by that high wave.
(5) Investigate 2HD harmonic waves, linearly and nonlinearly.
(6) Make a 2HD oblique bi-harmonic wave, in‡uxing waves from one line in two
di¤erent directions. Can you specify a direction that you would call a ’propagation’direction? Contemplate about the di¢ culty to de…ne a ’propagation’,
and an ’energy’direction.
(7) Scaling
(a) Suppose we perform an experiment on wave propagation at the moon in
a similar set-up as on earth; will we …nd the same results/behaviour?
(b) For an experiment in a wave tank of 5m depth, we want to simulate waves
in nature which have peak-period 8s in water of depth 50m. Derive the
following scaling laws for a scaling factor :
8
< h! h
x ! px
(1.66)
:
t
t!
(c) Performing simulations on the scale of the real waves and on the scaled
experimental waves, will there be a di¤erence in computation (cpu) time?
And in relative computation time (=cpu time /time length of in‡ux signal)?

CHAPTER 2

Dynamics of free surface water waves
In this chapter we will derive (summarize) the basic laws that govern the time
evolution of water waves. It will be shown that the change of the free surface and
the internal ‡uid motion are coupled by two dynamic equations at the surface. One
kinematic equation (which is nothing but a ’mathematical law’, as a consequence of
the description of a continuum), and one dynamic equation that is essentially Newton’s
law but applied to continua as formulated by Euler. We will assume that water is an
ideal ‡uid (which it is to a remarkably degree for water at constant temperature): it is
inviscid and incompressible. We will normalize the constant mass density to be = 1
and will suppress its appearance in the formulas below. (Any constant value will be
scaled away, but this is not true anymore when ships are included.)
An assumption about the interior ‡ow that is common when dealing with surface
waves, is that the ‡ow is irrotational. Then it can be described with a scalar potential ,
and it will become possible to express the dynamic surface equation as the vanishing of
the Bernoulli pressure. The potential is related to the three components of the velocity
as
(2.1)

U (x; y; t) = (U; V; W ) = r (x; y; t)

(@x ; @y ; @z )

with (x; y) the horizontal variables, and z the vertical coordinate. In the following we
will regularly only use a single horizontal coordinate x to simplify the notation.
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1. Bottom and lateral boundary conditions
The ‡uid domain will be bounded in the vertical direction by the given bottom
pro…le, z = D (x), and the ‡uid surface z = (x; t). The bottom is taken to be
impermeable, i.e. there is no water ‡ow into the bottom. Denoting by
q
nB = (@z D; 1)/ 1 + (@z D)2
the normal at the bottom, this gives the condition
U nB = 0 at z =

D

which is equivalent to the vanishing of the normal derivative of the potential
(2.2)

@nB

r

nB = 0 at z =

D

In the horizontal direction, most times we reason as if the vertical lateral boundaries
are far away from the interval in which we study the waves, and that velocities vanish
there
(2.3)

U nlat = U e1 = (@x ; @y ) e1 = @x

! 0 for j(x; y)j ! 1

For bounded domains, so for all simulations of waves in numerical codes, the properties
at the (vertical) boundaries have to be prescribed, for instance for a hard wall we get
hard wall : U n = 0
The opposite case, namely a fully transparent boundary is harder to formulate.
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2. Interior potential ‡ow, Airy theory
As stated in the introduction to this chapter, we assume that water is incompressible,
which implies that the interior ‡uid velocity is divergence free:
(2.4)

divU

r U=0

The assumption that the ‡ow is irrotational means that the rotation of the velocity
U vanishes; this then implies that (and is implied if) U is a conservative vector …eld:
there exist a scalar function, the potential , so that U is the gradient of
(2.5)

curlU

r

U = 0 () U = r

Instead of the 2 (or 3, in 3dimensions) components of the velocity …eld, now only one
scalar has to be dealt with, a substantial simpli…cation.
The expression div(r ) = 0 can be written as
(2.6)

@x2 + @z2

div(r )

= 0 in the interior

which means we will deal with so-called potential ‡ows.
Related to the word potential ‡ows, we will use the word ’potential ’ in
general for any interior ‡ow that satis…es the Laplace equation in the
interior and at the bottom and lateral boundaries the vanishing of the
normal derivative.
2.1. Airy theory of potential ‡ows. For arbitrary ‡uid domain, i.e. varying
bottom and/or non-‡at upper surface, explicit expressions for potential ‡ows cannot
be found. For an in…nitely long strip, however, the potentials can be written down
explicitly, as shown by Airy1. Physically a strip geometry means that the bottom is ‡at
and that we assume that disturbance of the upper surface by waves can be neglected.
Although this may seem uninteresting, it is the basis of the generalizations that are used
in the HAWASSI software.
The idea is the simple method of separation of variables: for (x; z) we look for
solutions that can be described as
(x; z) = a (x) f (z)
Inserting in the Laplace equation one gets
= @x2 + @z2
which can only satisfy

= a00 f + af 00 = af

a00 f 00
+
a
f

= 0 for all (x; z) provided
a00 (x)
a (x)

=

f 00 (z)
=
f (z)

k 2 (a constant)

(The choice of the notation for the constant will turn out to be convenient). Given a
real-valued k, the solution for a (x) is a sinusoidal function, a (x) = ak sin (kx + k ) for
arbitrary constant amplitude ak and phase k .
1 The Airy theory as presented here should not be confused with the Airy function (although there

are some relations) that describes the phenomenon that waves entering still water develop a ’…rst’wave
with increased amplitude; this phenomenon is clearly noticed when generating a harmonic wave train in
a wave tank, or in HAWASSI software.
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Then f (z) is a superposition of exponential functions e kz . The combination that
satis…es the impermeability condition at the bottom z = D, i.e. f 0 ( D) = 0, is given
by a hyperbolic cosine function, and the complete solution becomes
cosh k (z + D)
(2.7)
k (x; z) = ak sin (kx
k)
cosh kD
(The normalization in f such that f (z = 0) = 1 turns out to be handy in the following; then ak is truly the amplitude of the potential at z = 0: namely k (x; z = 0) =
ak sin (kx
k ).)
This is a solution for any choice of (real-valued) k. Hence we can take a superposition,
which will then also be a solution:
Z 1
cosh k (z + D)
ak sin (kx
(x; z) =
dk
k)
cosh kD
0
This can be rewritten in a somewhat more convenient way using complex notation as
Z 1
cosh k (z + D)
(k) exp (ikx)
(x; z) =
dk
cosh kD
1
with the complex amplitude
(k) = j (k)j exp (i (k))

The phase information k is now included as the argument of . Note that to assure that
(x; z) is a real-valued function, the complex amplitude has to satisfy ( k) = (k),
where the bar denotes complex conjugation.
The following observation is of crucial importance: for z = 0 we get
Z 1
(x; z = 0) =
(k) exp (ikx) dk
and so an important result is obtained

1

Corollary 2. The solution of the Laplace problem
= 0 in a strip z 2 ( D; 0)
with vanishing normal derivative at the bottom and at lateral boundaries is uniquely
determined by the Dirichlet boundary value (x; z = 0) = (x) at z = 0 and given by
Z 1
^ (k) exp (ikx) cosh k (z + D) dk
(2.8)
(x; z) =
cosh kD
1
where ^ (k) is the Fourier transform of (x). Moreover, the normal derivative at the
upper boundary, the so-called Neumann boundary value, is given by
Z 1
^ (k) k tan (kD) exp (ikx) dk
(2.9)
@z (x; 0) =
1

which de…nes the so-called Neumann-to-Dirichlet operator.

The importance is that also for more general cases, i.e. non-‡at upper surface and
varying bottom, there is (under reasonable smoothness conditions) a unique solution of
the Laplace problem for given value of the potential at the deformed upper boundary,
despite the fact that the solution cannot be written down explicitly. Clearly this result
is important for wave theory since then the upper surface is not ‡at.
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3. Continuity = mass conservation equation
Without the restriction to potential ‡ows, we will now consider the equation for
the free surface of a layer of incompressible ‡uid above an impermeable bottom at
z = D (x).
We will assume that the surface can be described as the graph of a function. Restricting to 2D for notational simplicity, this means that we can describe the surface as
a function
z = (x; t)
We will present two di¤erent formulations, and show that they are equivalent for incompressible ‡ows. In both cases the results are just a mathematical description of relation
between quantities that are a consequence of the de…nition of these quantities. Hence,
no physical laws are involved, and we talk about a so-called kinematic relation.
3.1. Continuity equation. This relation (which even holds also for compressible
‡uids!) is a sole consequence of the de…nition of the ‡uid surface. In the continuum
description of the ‡uid by Lagrange, the dynamics is given by the position of the in…nitely
many particles, which have changing positions in time (x (t) ; z (t)); the velocity of the
particles is related to the Eulerian description of the velocity at a …xed point in space
as
x_ (t) = U (x (t) ; z (t) ; t)
z_ (t) = W (x (t) ; z (t) ; t)
Particles at the surface remain at the surface as a consequence to prevent discontinuities.
Then, since the ‡uid surface is given by z = (x; t), following a particle at the surface,
we get z (t) = (x (t) ; t), which after time di¤erentiation leads to
z_ = @t (x; t) + @x :x_
Using x_ = U; z_ = W we get @t (x; t) = W
(2.10)

@x :U , which can be rewritten as

@t (x; t) = U N with N = ( @x ; 1) at z =

Note that n = N= jNj is the outward pointing normal to the surface.
For potential ‡ow we get
@t (x:t) = @N

(2.11)

at z =

with
Except for the normalization, @N
surface.

@N
r N
is the normal derivative of the potential at the free

3.2. Mass conservation. Another way to envisage the kinematic equation is to
write it as a balance law as a consequence of the incompressibility of the ‡uid.
Consider a vertical slab in the water for x 2 (a; b) and from the bottom to the
surface, and consider the change of the amount of water in the
R slab in a small time
interval t which is given by the di¤erence between the ‡ux
D U dz through x = b
and through x = a
"Z
#
Z (a;t)
(b;t)
U (b; z; t) dz
U (a; z; t) dz
t
D(b)

D(a)
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Because of incompressibility, this change must be equal to (minus) the change of the
surface, which is given by
Z b
[ (x; t + t)
(x; t)] dx
a

Equating both expressions, division by t and taking the limit t ! 0 leads to the
global mass conservation law
Z (a;t)
Z (b;t)
Z b
U (a; z; t) dz
U (b; z; t) dz
@t (x; t) dx =
D(a)

D(b)

a

=

@x

Z

(x;t)

U (x; z; t) dz
D(x)

#x=b

x=a

Realizing that the above holds for all a and b, taking the limit b ! a the local mass
conservation law is obtained
Z (x;t)
(2.12)
@t (x; t) = @x
U (x; z; t) dz
D(x)

Hence, the continuity equation has the interpretation to specify the local balance between surface height and variations of the total (depth integrated) momentum. In a more
global interpretation, it is the mass balance: the change in water height is determined
by the di¤erence of in‡ux and out‡ux through the vertical boundaries.
3.3. Proof of Equivalence. The above two expressions, with two completely different ways of derivation, are in fact the same for incompressible ‡uid, as shall now be
shown. To that end observe
Z (x;t)
Z
@x
U (x; z; t) dz = @x :U (x; ; t) + @x D:U (x; D; t) +
@x U (x; z; t) dz
D(x)

D

Now using the incompressibility @x U = @z W , and integrating over the vertical there
results
Z (x;t)
@x
U (x; z; t) dz = @x :U (x; ; t) W (x; ; t) + @x D:U (x; D; t) W (x; D; t)
D(x)

=

U (x; ; t) N + U (x; D; t) Nbot

with Nbot the (outward pointing) normal direction at the bottom. Since the bottom is
impermeable U (x; D; t) Nbot = 0, and we get
Z (x;t)
@x
U (x; z; t) dz = U (x; ; t) N
D(x)

proving the equivalence of the two formulations for incompressible ‡uids.
3.4. Other formulations. It is tempting to introduce the vertical average of the
horizontal velocity
Z
1
U (x; t) =
U (x; z; t) dz
H
D
with H the so-called total depth
H (x; t) = D (x) + (x; t)
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Then the balance law becomes
@t =

@x H (x; t) U (x; t)

This is the formulation obtained in the shallow water equations to be derived further
on when it is assumed that U does not depend on z. Then an easy coupling with the
Bernoulli equation can be obtained, which is not immediate if in the general case U
depends on z.
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4. Momentum equation
A second dynamic equation at the free surface is obtained by looking at the physics
that governs the dynamics of the internal ‡uid and that of the surface.
Starting point is Euler’s equation in the interior, a generalization of Newtonian
mechanics to continua
D
(2.13)
U = ge3
Dt
with the total time derivative given by
D
U @t U + (U r) U
Dt
Speci…ed for potential ‡ow we get after some manipulations
1
r @t + jr j2 + gz = 0 in the ‡uid
2
so that
1
@t + jr j2 + gz = constant in the ‡uid
2
The quantity in brackets is known as (minus) the Bernoulli pressure
1
jr j2 + gz
2
consisting of the sum of the so-called dynamic pressure, the nonlinear part of the pressure
and the (hydro-) static pressure.
As a consequence, if a pressure free atmosphere above the water is assumed, pBernoulli =
0 at the surface, the ’constant’vanishes and we get the so-called Bernoulli equation in
the interior
1
@t + jr j2 + gz = 0 in ‡ow domain
2
and just as well at the water surface

(2.14)

(2.15)

pBernoulli =

@t +

@t + 21 jr j2 + g = 0 at z =

5. EVOLUTION EQUATIONS
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5. Evolution equations
Summarizing, we get the complete formulation of the Euler equations for incompressible free surface ‡ow as
8
@ =U N
at z = (x; y; t)
>
>
< t
@t U = (U r) U ge3 for
D (x; y) < z < (x; y; t)
(2.16)
r
U
=
0
for
D (x; y) < z < (x; y; t)
>
>
:
U N=0
at bottom and lateral boundaries
Assuming irrotational ‡ow, we get the summary for the free surface potential ‡ow

as

(2.17)

8
@t = @N
>
>
<
@t = g
=0
>
>
:
@n = 0

1
2

2

jr j

at z = (x; y; t)
at z = (x; y; t)
for
D (x; y) < z < (x; y; t)
at bottom and lateral boundaries

5.1. Time stepping for potential ‡ows. The procedure to advance (numerically) the governing fully nonlinear equations is as follows.
To advance from time t0 to time t1 = t0 + t, with t small, let 0 ; 0 be the
elevation and potential at the surface at time t0 .
Then determine the right hand sides of the dynamic equations as follows
From the given surface potential 0 = 0 (x; 0 (x) ; t0 ), calculate the potential
1=2 in the interior (with upper boundary determined by 0 which is known);
this solution is uniquely determined.
2
Calculate @N 1=2 for the kinematic equation and 21 r 1=2 at the surface for
the dynamic equation.
Then the rhs’s are determined, and the update at time t1 can be obtained: the
values of 1 ; 1 jz= at the later time t1 can be calculated.
5.2. Linearized equations and dispersion relation. By neglecting nonlinear
e¤ects, the surface equations become a linear system of equations that can be written
with the surface potential (x; t) = (x; z = 0; t)
@t = @z
@t = g

(2.18)

at z = 0

Dispersion relation:
With these linearized dynamic equations, and Airy’s expression for the potential,
we are now able to derive the dispersion relation. Take for simplicity one harmonic
wave, arbitrary real k. If (x; t) = a sin(kx !t), then from the momentum equation
2
!t). Then @t = !g a sin (kx !t). On the
@t = g we …nd (x; t) = !a
g cos (kx
other hand, Airy’s theory for the given
gives @z jz=0 = k tan k (kD) a: Then the
kinematic equation can only be satis…ed (for a 6= 0) provided
(2.19)

! 2 = gk tanh (kD)

which is the formula for the dispersion relation given before in Chapter 1.

42

2. DYNAMICS OF FREE SURFACE WATER WAVES

5.3. Equations in surface variables. The time stepping algorithm above describes that the whole process is governed by two functions: , the surface elevation,
and the potential at the free surface. This can be made explicit. Indeed, by writing
(x; t) = (x; z = (x; t) ; t) it holds that
@t = [@t + @z @t ]z=
and hence, the dynamic free surface equation can also be written (using the kinematic
equation) as
1
@t = g
jr j2 + @z :@N at z = (x; t)
2
So, we get the complete dynamic system

(2.20)

@t = @N
@t = g

1
2

2

jr j + @z :@N

at z =
at z =

This form of the equations may look not very attractive; we will recover this form as
the Hamiltonian formulation in the next Chapter, interpreted in a more appealing way.
5.4. Shallow water equations. The shallow water equations describe an approximate model for waves that are long compared to the depth; the equations are nonlinear
but do not have the property of dispersion: all linear waves travel with the same velocity.
For shallow water (long waves) it seems natural to assume that (x; z; t)
(x; t)
because the shallow depth will lead to a ‡ow that is mainly horizontal.
The equations are given as
(2.21)

@t (x:t) = @x [(D + ) @x ]
2
1
@t (x:t) = g
2 (@x )

These are the shallow water equations (SWE). Note that the continuity equation is in
the desired form of a balance law. In this approximation, @x = u is the approximate averaged horizontal velocity, while in the full equations it would be the tangential
velocity.
Often the equations are described using u instead of the surface potential ; then
the equations read
(2.22)

@t =
@t u =

@x [(D + ) u]
@x g + 12 u2

We summarize a few special cases of these shallow water equations
5.4.1. Linear model. Upon neglecting all quadratic terms in the basic variables in
the SWE above we get the linear system

(2.23)

@t =
@t u =

@x (Du)
g@x

This set of 2 …rst order (in time) equations can now be rewritten as one second order
equation in the surface elevation only:
(2.24)

@t2 = @x c2 @x , with c2 (x) = gD (x)
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5.4.2. Linear, Flat bottom. For ‡at bottom D = D0 we get that
(2.25)

@t =
@t u =

D0 @x u
g@x

or @t2 = c20 @x2 , with c20 = gD0

Note that for ‡at bottom, c20 = gD0 is indeed the square of the phase velocity for long
waves, which shows the long wave character of the equations.
This equation has as general solution a superposition of an arbitrary wave running
to the right and one to the left (x; t) = F (x c0 t) + G (x + c0 t) as we have seen in
Chapter 1.
5.4.3. SWE-2HD (multi-directional waves). In a similar way as for the 1HD case we
get the basic set of equations
(
@t = r ((D + ) u)
(2.26)
@t u = r g + 21 juj2
As a limiting case the linear equations are obtained
(2.27)

@t = r (Du)
@t u = gr

which is equivalent to the second order equation
(2.28)

@t2 = r

c2 r

In particular, above ‡at bottom we have in the linear approximation
(2.29)

@t = D0 r u
@t u = gr

or @t2 = c20 r r

c20
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6. Energy conservation
The total energy is the sum of the potential energy which depends only on the surface
elevation , and the kinetic energy which depends on the velocity in the ‡uid domain
under the given surface.
The expression for the potential energy of the water can be derived by considering a
’particle’with mass dz at height z measured vertically from the still water level, and
horizontal position x. This has potential energy given by ( dz) gz; then integration over
R (x)
z (considering all particles under the surface at the position x produces 0
gzdz =
1
2
(x). Integrating over x leads to the potential energy given by
2 g
R 1 2
P( )=
2 g dx
(2.30)
The kinetic energy of the mass particle is ( dz) jUj2 , and so we obtain the kinetic
energy as
(2.31)

K=

and the total energy as
(2.32)

E=

RR

In all of the following we will take

RR

(x;t) 1
2
D

(x;t) 1
2
D

jUj2 dzdx

jUj2 dzdx +

R

1
2
2 g dx

= 1 as normalization for the constant mass density.

6.1. Local balance law. We write the total energy as the integral over horizontal
space of the energy density E or as the full domain integral over Edens
Z
Z (x;t)
1
E = Edx with E =
Edens dz with Edens = jUj2 + gz
2
D
Since we assume that we are dealing with ideal ‡uids, in particular no viscosity, we
expect that the total energy is constant in time, provided suitable boundary conditions
apply (such as no in‡ux from outside in the spatial domain of investigation). In other
words we expect that the energy will have a local balance law in the form
(2.33)

@t E =

@x F with F the so-called energy ‡ux

6.1.1. Intermezzo: energy velocity. In many cases it will turn out that we can write
the energy ‡ux as
F (x) = V (x) E (x)
where V (x) is a certain velocity. This is justi…ed from a dimensional point of view. But
of course this is almost a tautology: we can de…ne V as the quotient
F (x)
V (x) =
E (x)
provided E is strictly positive. It is then colloquially said that the "the energy density
propagates with the energy velocity". To simplify matters, sometimes approximations
are sought to be able to identify V (x) with a simpler, if possible with a space independent
velocity, say Vav so that
@t E
Vav @x E
which is the translation equation: E propagates approximately with the speed Vav .
However, great care should be taken with such simpli…cations. Following are a few
examples.
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Example 1. Consider the translation equation (the simplest linear unidirectional
wave equation)
@t = c@x
and E =

2

as the energy. Then we …nd easily and exact
@t

2

=

c@x

2

which is obvious since
and therefore any decent function of
translates with this
velocity. In particular, for linear unidirectional dispersive waves above ‡at bottom, each
harmonic mode and just as well its energy density is propagated with the phase velocity
of that mode.
Example 2. Consider Linear shallow water equations above ‡at bottom with energy
density E = 12 Du2 + g 2 and …nd
@t E =

@x (gDu ) =

Note that now
cu
F
=c1
2
E
2 (Du + g

@x c2 u

p p
2 Du g
=c
2)
Du2 + g 2

For a single harmonic mode running to the right it holds that g = cu and hence cu =
g 2 = Du2 and we get @t E = @x (cE), but for a superposition of modes, and for
bidirectional waves, it gets more complicated.
Example 3. Above varying depth, for the unidirectional equation
p
p
c (x)@x c (x)
@t =

it holds

@t

2

=

@x c (x)

2

and for the linear shallow water bidirectional equation we get E =
and …nd
@t E = @x c2 (x) u

1
2

D (x) u2 + g

2

Nonlinear terms in the equation make the situation a bit more complicated as can
be seen below.
Example 4. For the nonlinear shallow water equations
@t =
@t u =

@x [(D + ) u]
@x g + 12 u2

the energy density and ‡ux are
@t

1
1
(D + ) u2 + g
2
2

2

=

@x [(D + ) u]

1 2
u +g
2

Note that since u here is the averaged horizontal velocity the ‡ux can be written in
agreement with the general ‡ux for incompressible Eulerian ‡ow (see below) as
Z
1 2
1 2
FSW = [(D + ) u] u + g =
u
u + gz dz
2
2
D
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6.2. Local balance law for the Euler dynamics. For the Euler equations we
can derive in a straightforward way after some tedious work the conservation law
!
!
Z (x;t)
Z (x;t)
1
1
1 2
2
2
(2.34)
@t
U
jUj dz + g
= @x
jUj + gz dz
2
2
2
D
D
which can be written more compact as

@t

Z

(x;t)
D

Edens dz

!

=

@x

Z

(x;t)

U Edens dz

D

!

with Edens =

1
jUj2 + gz
2

To calculate the change in time, in the di¤erentiation with respect to time, the
integrand but also the surface elevation in the upper part of the ‡uid domain of the
kinetic energy has to be taken into account.
6.3. Energy conservation for potential ‡ows. For potential ‡ow, the balance
law for the Eulerian energy conservation applies just as well. Energy conservation can
be derived independent of the above as
Z Z
Z
Z
1
dE
2
=
r r@t dxdz +
jr j
@t dx + g @t dx
dt
2
z=
Now using the vector identity r r =div( r R) R
: and Gausz’Theorem
(namely
R
that for any smooth vector …eld a it holds that
div(a (x; z)) dxdz = a N dx) and
taking into account the conditions at bottom and lateral boundaries, we get
dE
=
dt
=

Z Z

Z

:@t dxdz +

@N :@t jz= dx +

Z

Z

@N :@t dx +

g +

1
jr j2
2

Z

g +

1
jr j2
2

@t
z=

2
1
Inserting the dynamic equations @t = g
2 jr j and @t = @N
Z
Z
dE
1
1
2
dx +
g + jr j2
= @N : g
jr j
dt
2
2
z=

expressing the conservation in time of total energy
(2.35)

dE
dt

=0

@t dx
z=

leads to
@N
z=
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7. Exercises
Exercise 1. Check the form of the continuity equation as a local balance law from
…rst principles by considering the conservation of water-mass ‡owing though a narrow
tube from bottom to surface over an interval [x1 ; x2 ] with x2 = x1 + x, over a small
time t.
Exercise 2. The mapping ! @N is called the Dirichlet-to-Neumann operatoror
(why?). Give the expression for the Dirichlet-to-Neumann operator for the linear theory
with ‡at surface (Airy theory) and for SWE.
Exercise 3. Take a Gaussian hump as initial condition (zero initial velocity). How
do you think the linear evolution will look like for the SWE? How for full dispersion? (Try
it with Hawassi-software, linear and nonlinear with various choices for the dispersion.)
Exercise 4. A special (relatively simple but famous) example of a unidirectional,
nonlinear wave model is the KdV (Korteweg-de Vries) equation, in normalized form:
+ @x2 + 2
p
where ; are certain constants and c0 = gD. What is the dispersion relation for the
linearized model? For what choice of
do we get the correct third order term of the
exact dispersion relation?
Write this equation in (generalized) Hamiltonian form by …nding the Hamiltonian HKdV ( )
so that
@t = c0 @x H ( )
Show that the energy is conserved (i.e. H ( ) is constant).
@t =

c0 @x

CHAPTER 3

Hamiltonian-Boussinesq wave formulation
The previous chapter described the basic pde-formulation of the water wave problem,
a quite common way to look at the dynamics.
In this chapter the di¤erent approach on which the HAWASSI software is based
is explained. We will not go into technical details but emphasize the main ideas and
advantages.
The fact that is completely determined by specifying its value at the free surface
z = , as stated in the previous chapter, section 2 and shown for the geometry of a
strip, leads to the question if the full dynamics can simply be described in ; variables.
This is determined by the fact if it is possible to calculate, or approximate, the values
of the quantities at the right hand sides of the dynamic equations directly from ; .
If possible, this would lead to a dimension reduction since then it is not necessary to
calculate the internal ‡uid ‡ow.
Many variants, generally known as Boussinesq approximations, have been derived
using perturbation methods (with assumptions on wave height and wave lengths) to
express the rhs’s in ; . An essential problem that is di¢ cult to overcome is the dispersion relation; the non-algebraic expression (2.19) cannot be easily transformed to
(discretized) di¤erential operators.
HAWASSI software is based on the property that it is possible to …nd a good approximation of the kinetic energy K ( ; ) for potential ‡ows. The background of this is that
the equations (2.20) are in fact a Hamiltonian system, a generalization to in…nite dimensions of the structure of many conservative systems from Classical Mechanics. This
will be described in the next sections, after an illustration of the Hamiltonian structure
in …nite dimensions.
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1. Finite dimensional Hamiltonian systems
Suppose a dynamical system is described with a state variable u, a vector with p
components: u 2 Rp .
The meaning of the word state variable in a dynamic system is that the
variable contains all the information at a certain time, so that the future
is uniquely determined.
For a …rst order di¤erential equation (evolution equation)
@t u = F (u)
under mild conditions for F , the future evolution is indeed determined once an initial
value for u, say at time t = 0 a value u0 , is speci…ed. Now consider cases with special
functions F . Namely F of the form F (u) = rE (u)
(3.1)

@t u = rE (u)

where
is a matrix and E a given function of u, with rE (u) the gradient. Then
investigate the change of the function E in time:
dE
= rE @t u = rE rE
dt
Two special cases (formally speaking not completely disjoint classes) are as follows.
Steepest descent ‡ow:
For the case that is a symmetric matrix, that is moreover negative de…nite, the
value ofE will decrease; a simple example is given for minus the identity matrix, since
then
dE
= rE rE = jrEj2
dt
The quantity E is decreasing monotonically, in directions perpendicular to the level lines
of E, i.e. in the directions of steepest descent. This dynamic behaviour is characteristic
for dissipative systems.
Hamiltonian ‡ow:
Now consider the case that is any skew-symmetric matrix ( =
); then necessarily p = 2n is even. Since a a = 0 for any vector a, it follows that
dE
= 0 if
=
dt
Hence the quantity E is conserved: the dynamic trajectories remain at the level set of
E determined by the initial condition: E (u (t)) = E (u0 ) for all time. Such systems are
examples of conservative systems.
A special case of conservative systems is obtained for systems from Classical Mechanics. Then the state vector consists of a position vector q 2 Rn and a momentum
vector p 2 Rn . The total energy of the system denoted by H (q; p).
Dynamic systems of the form
(3.2)

(3.3)

@t

q
p

=

0

In
In 0

rq H
rp H

=

rp H
rq H

with In the identity matrix in Rn , are called (classical) Hamiltonian systems, with (q; p) the set of canonical variables and H (q; p) the Hamiltonian. The characteristic form is common for all dynamic equations in

1. FINITE DIMENSIONAL HAMILTONIAN SYSTEMS

51

Classical Mechanics, and just as well for the surface wave equations as
we shall see later.
Example 5. The simplest example is a mass particle with mass m that can move on
a line, position denoted by q, under the in‡uence of a force with potential V (q). Then
the momentum is p = mq_ and according to Newton p_ = @q V . This can be rewritten as
(3.3) with the Hamiltonian
1 2
p + V (q)
2m
which is the total energy, the sum of kinetic and potential energy.
H (q; p) =

Example 6. Pendulum equation
Consider a mass point of mass m attached to a massless non-extendable cord of length
` under the in‡uence of gravity g. The angle of the cord with the downward vertical is
denoted by .
The equation for the pendulum motions are found from Newton’s equation
m`2 • =

mg` sin ;

i.e. for ! 2 = g=` by
•=

! 2 sin :

For this last equation the total energy E is the sum of potential P and kinetic energy K:
1 _2
and P = ! 2 (1
2
This energy is conserved for all possible motions:
E = K + P; with K =

cos ) :

d
E = 0 for solutions.
dt
Introducing the velocity type of variable v = _, the equations can be written as a system
of two …rst order equations for the state variable ( ; v)
_ = v;
v_ = ! 2 sin ;
Writing the total energy as function of ;
1
E = Hpen ( ; v) = v 2 + ! 2 (1 cos ) :
2
the equations are of the form of a Hamiltonian system:
(3.4)

_ = @v Hpen ( ; v) ;
v_ = @ Hpen ( ; v) :

This shows that using the correct variables, the expression for the energy alone provides
all the information for the dynamical equations when these are written in the characteristic form (3.4).
The form of the Hamilton equations immediately imply energy conservation, whatever
the precise form of the Hamiltonian, as follows from
d
Hpen ( ; v) = @ Hpen : _ + @v Hpen :v_
dt
= @ Hpen :@v Hpen + @v Hpen : ( @ Hpen ) = 0:
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Example 7. Harmonic oscillator.
The pendulum equation above is often studied for small deviations (small angles) only.
Then the usual argument is to replace the driving force by its linear approximation: using
sin
for small , the equation becomes the so-called harmonic oscillator
• = !2
this name because the solutions of this equation are the harmonic functions sin(!t) and
cos(!t).
This equation, the linearization of the pendulum equation, is again of Hamiltonian form,
now with Hamiltonian:
1
1
Hlin ( ; v) = v 2 + ! 2 2 :
2
2
Hence for the harmonic oscillator motions, this Hlin is conserved.
Looking at the last 2 examples, we can also reverse the argument:
Start with the original pendulum Hamiltonian, Hpen = 21 v 2 + ! 2 (1 cos )
Approximate Hpen by quadratic terms alone. Then using the fact that cos ( )
1 12 2 we get precisely Hlin :
Hpen

Hlin

Obtain the linearized pendulum model, i.e. the harmonic oscillator, as the
Hamiltonian system (3.4) with Hlin :
If we interpret the nonlinear pendulum equation as the ’di¢ cult’problem, and the
linearized harmonic oscillator equation as the simpli…ed, easier, model, we can formulate
the above methodology as a Hamiltonian consistent modelling method:
Hamiltonian consistent modelling method:
Given a (di¢ cult) Hamiltonian system, we can obtain a simpli…ed model,
with guaranteed Hamiltonian structure (and approximate Hamiltonian
(energy) conservation as consequence), by simplifying the Hamiltonian.
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2. Dimension reduction and Hamiltonian formulation
In this section it will be shown that the water wave problem (an in…nite dimensional
problem) has the same dynamic Hamiltonian structure as the pendulum example in the
previous section. Now the surface elevation will play the role of position, and the
potential at the free surface the role of momentum; the gradients rq;p H are then
being replaced by variational derivatives of the total energy functional.
To start with the variational calculus to introduce the variational derivatives, we …rst
consider the potential energy. The kinetic energy will be considered after investigating
Dirichlet’s principle, which will be the basis of the Hamiltonian formulation, and the
basis tot construct consistent approximations in HAWASSI software.
2.1. Potential energy. The potential energy of the water as derived before is
given by
Z
1 2
(3.5)
P( )=
g dx
2

We now extend the well-known concept of di¤erentiation of functions of one or more
variables to this functional. (See the Annex for a more elaborate discussion of variational
calculus.)
To that end, consider the change P of the potential energy when the surface (x)
changes with a (small) amount given by a variation
(x). The variation means a small
change (x) ! (x) + (x), using notation and terminology from the 18th century.
Then we get
Z
i
1 h
2
dx
g ( + )2
P =P( + ) P( )=
2
Z
1
=
g 2
+ 2 dx
2
Neglecting the second order term with ( )2 , we get the so-called …rst variation in the
’direction
as
Z
P ( ; ) = g : dx = hg ; i
where h; i is the usual L2 -innerproduct. Comparing how the gradient of a multi-variable
function f : Rn ! R is de…ned using the innerproduct in Rn , via a variation x
f (x + x)

f (x)

hrf (x) ; xiRn

we de…ne the variational derivative with respect to as a generalization of the gradient
but now using the L2 -innerproduct. Writing P for the variational derivative, we get
P( )=g :
2.2. Dirichlet’s principle. The following basic fact has lead to the foundation
of functional analysis and will be used to …nd consistent approximations of the kinetic
energy further on:
Dirichlet’s principle states that among all possible interior ‡ows that
have prescribed surface value , the (only) one that minimizes the socalled Dirichlet functional is actually the potential ‡ow that satis…es
the Laplace equation in the interior and the no-‡ux boundary conditions
on B.

54

z=

3. HAMILTONIAN-BOUSSINESQ WAVE FORMULATION

In more detail, consider for a layer of water with given surface z = (x) and bottom
D (x) the minimization problem for the Dirichlet functional D ( )

(3.6)

min fD ( )j = at z = g
Z Z (x)
1
with D ( ) =
jr j2 dxdz
2
D

(3.7)
For a minimizer

it should hold that
D( ;

Taking variations

) = 0 for all admissible variations

we get, using Gausz’theorem
Z Z
D( ; ) =
r : r dxdz
Z Z
I
=
: dxdz + @n :

dS

First consider variations
that vanish at the boundary. Then the boundary integral
vanishes.
From
the
fact
that
interior variations
are not restricted, we get from
RR
: dxdz = 0 for arbitrary variations
that the minimizer satis…es
= 0 in the interior

stating that the minimizing is a potential ‡ow, satisfying the Laplace equation.
Using this result we are left with
I
@n : dS = 0 for all admissible variations
at the boundary

Since = is prescribed at z = , the variations are restricted to satisfy
= 0 at
z = . Then the contour integral reduces to the integral over the bottom (and lateral
boundaries). Since variations
are not restricted at these boundaries,
is free, and
we get
@n = 0 at z = D (x) and at lateral boundaries
This is called a natural boundary condition: at these boundaries was not prescribed
(di¤erent from the free surface), and as a consequence of the minimization requirement,
we get these such additional conditions for the minimizing potential. Note that the
bottom boundary implies that the bottom is impermeable (as it should); the vanishing
normal derivative at the lateral boundaries implies ’no-‡ux’ conditions through these
boundaries.
2.3. Kinetic energy. In order to derive the Hamiltonian formulation, let us …rst
de…ne the kinetic energy in its dependence on the surface variables because we want
restrict to potential ‡ows

(3.8)

8
<R R
K( ; )=
:

(x;t) 1
2
D

=0

jr j2 dxdz

for
D<z<
=
at z =
@n = 0 at B

9
=
;

In a similar way as done for the potential energy and Dirichlet’s principle, we now
consider the change of the kinetic energy for variations in both and in
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Since any variation
in the surface potential implies a unique corresponding
variation
of the potential on the whole ‡uid area, we get for the total variation of K
from variations ;
the result
Z Z
Z
1
K( ; )=
r : r dxdz +
jr j2
dx
2
z=
Z Z
Z
Z
1
=
: dxdz + @N jz= : dx +
jr j2
dx
2
z=
Z
Z
1
= @N jz= : dx +
jr j2
dx
2
z=
Z
Z
K: dx +
K: dx

Note that from the …rst to the second line we used Gausz’ theorem and the fact that
@N = 0 at the bottom and lateral boundaries, and from the second to the third line
that
= 0 in the interior.
The quantity K @N jz= is the partial variational derivative with respect to ;
partial, because is kept constant while giving the boundary value for a variation :
The quantity K is the change in K if for given (x; z) the boundary gets a
variation . However, this is not a partial derivative, because for …xed the boundary
value changes with changes in the boundary: (x; + ) = (x; ) + @z jz= : +
:::. The induced change of boundary value
= z jz= : in the potential causes an
additional change in K. This contribution has to be compensated, and we get for the
partial derivative with respect to
1
K: z jz=
jr j2
(3.9)
K= K
K: z jz= =
2
z=
Hence the partial variational derivatives
(3.10)

K = @N

(3.11)

K=

K and

1
jr j2
2

z jz=

K are de…ned and found to be

@N
z=

Now consider the Hamiltonian as the total energy expressed in ;
(3.12)

as

H( ; )=K( ; )+P ( )

Then it can be observed that the surface equations from Chapter 2, (2.20), can be
written as a Hamiltonian system
(3.13)

@t =
@t =

H
=
H =

K
[g +

K]

This shows that:
The dynamical system formulation of the water wave problem in this
form has the structure of a Hamiltonian system, with ; the canonical
position and momentum variable respectively.
This speci…c formulation for potential ‡ows was given by Zakharov 1968 and Broer
1974, without using the action principle (see next section) from which the Hamilton
equations are obtained.
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3. Pressure (action) principle
We have shown above that the Hamiltonian formulation of free surface waves is
equivalent to the basic equations of Chapter 2, i.e. to the continuity equation and the
momentum equation at the free surface.
There is another way to derive these equations from a canonical action principle,
an idea that dates back to Maupertuis and Euler in the 18th century (see Annex on
Variational Calculus). For water waves, the action principle is actually equivalent to a
pressure principle, as follows.
Consider the dynamic principle of stationary pressure, i.e. the requirement that
for arbitrary variations of (x; z; t) ; (x; t) the …rst variation vanishes of the dynamic
pressure functional
Z t2 Z Z
1
(3.14)
dt
@t
jr j2 gz dzdx
2
t1
D

Bateman 1928 used the fact that internal variations of leads to potentials; Luke
1967 considered this functional and showed that variations of lead in addition to the
correct surface momentum equation.
By taking the time derivative in the integrand out of the volume integral (Miles
1976), up to an uninteresting total time derivative (giving contributions only at the end
points of the time interval), there results
Z t2 Z
Z
1
dt
@t
jr j2 + gz dz dx
t1
D 2

By introducing the wave Hamiltonian in its dependence on the surface variables as above,
this can be written as
Z t2 Z
(3.15)
Ac ( ; ) =
dt [ @t
H ( ; )] dx
t1

which is precisely of the form a canonical action principle for surface waves. Variations
with respect to ; , now incorporating the time dependence, the equation for critical
points are precisely the Hamilton equations for free surface waves derived from the basic
equations in previous sections
@t =

H and @t =

H
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4. Consistent Kinetic Energy approximations
Re‡ecting on the above, the original motivation to look for a dimension reduced
formulation comes within reach. Essential is to have an explicit expression for K ( ; ).
Although this cannot be achieved exactly, because there is no explicit expression for
the potential
that corresponds to its surface value
for domains di¤erent than a
strip, any su¢ ciently good approximation of K ( ; ) will at least lead to a consistent
approximation of the related equations. Consistent here means an approximation that
shares the same Hamiltonian form and consequent important properties such as exact
energy conservation.
4.1. Minimization property of the kinetic energy. In HAWASSI software,
the approximations are obtained by exploiting the speci…c minimization property of the
potential ‡ows as expressed by Dirichlet’s principle. From that result it is found that
the kinetic energy (3.8) is just as well characterized by

(3.16)

K ( ; ) = min

(Z Z

(x)
D

1
jr j2 dxdz
2

=

at z =

)

This minimizing property leads to the possibility to use Dirichlet’s principle in a
constructive approximative way by approximating the functional K (for which we cannot
…nd a closed analytic description in ; ) by a functional that is explicit in these variables,
say Kapprox ( ; ). Then we will use this approximate kinetic energy in the Hamiltonian
dynamics.
In particular, in the continuum equation, the ‡ux term @N in the right side is then
approximated by
K @N
Kapprox
which de…nes the approximate Dirichlet-to-Neumann operator.
How a good approximation of K ( ; ) can be obtained is not immediately clear;
direct numerical simulations will not be helpful. In HAWASSI software the approximations are obtained by restricting the set of minimizing functions in Dirichlet’s principle,
as will be illustrated in the next section.
Remark 5. Be aware that with approx the set of approximating functions, the
expression @N approx may not be a good approximation, while Kapprox may be much
better, as will be illustrated for the case of the shallow water equations later on.
4.2. Generalized phase velocity operator. The observation that K is a quadratic expression in leads to the conclusion that K ( ; ) must be a quadratic expression in . Even more so, since and are not physical quantities themselves, because
any constant can be added, it follows that K ( ; ) must be quadratic in @x and hence
has to be of the form
R
1
K ( ; ) = 2g
(3.17)
jC ( ) @x j2 dx

The factor g is taken so that the operator C = C ( ) can be interpreted as a generalized
phase velocity as we shall see further on. All approximations will have this structure.
As a special property, the variational derivative with respect to is given by
K=

@x (C C=g) @x
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which guarantees that the continuity equation is in the form of a balance law, with
(C C=g) @x the horizontal momentum ‡ux
(3.18)

@t =

@x [(C C=g) @x ]
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5. Shallow water equations from consistent approximation
We illustrate the process of …nding an explicit expression for an approximate K ( ; )
by restricting Dirichlet’s principle for the limiting case of shallow water; in the next
Chapter we illustrate the derivation of more advanced models that can be found in
HAWASSI software.
The shallow water equations is an approximate model for waves that are
long compared to the depth; the equations are nonlinear but do not have
the property of dispersion: all linear waves travel with the same velocity
For shallow water (long waves) it seems natural to assume that (x; z)
(x)
because the shallow depth will lead to a ‡ow that is mainly horizontal and then determined by the surface value of the potential. Taking this approximation, we can …nd
the correct equations by using the derivation in the Hamiltonian consistent way.
Inserting the restriction (x; z)
(x) in Dirichlet’s principle there results after
integration with respect to z
Z
1
(3.19)
KSW ( ; ) =
(D + ) (@x )2 dx
2
Note that for this expression, the generalized phase velocity in (3.17) is now given by
p
(3.20)
CSW ( ) = g (D + )
The variational derivatives are found to be
K = @x [(D + ) @x ]
(3.21)
K = 21 (@x )2

so that the corresponding Hamilton equations are found as
(3.22)

@t (x:t) = @x [(D + ) @x ]
2
1
@t (x:t) = g
2 (@x )

These are the shallow water equations (SWE) considered before. Note that the continuity equation is in the desired form of a balance law.
Remark 6. Observe the strength of the consistent approximation method: starting
with an Ansatz in which the potential does not depend on z; namely approx (x; z) =
(x). Since then @N approx = @x :@x , it can hardly be imagined that a good result can
be achieved But this approximation leads to a good result after using it in the calculation
of the approximate kinetic energy, which then leads correctly to the normal derivative
from K! (See the exercises.)
Using instead of the surface potential the tangential ‡uid velocity u = @x , the
equations
@t = @x [(D + ) u]
@t u = @x g + 21 u2
can also be written in a generalized Hamiltonian form as
Z
1
@t = @x u H (u; )
(D + ) u2 + g 2 dx
with H (u; ) =
@t u = @x H (u; )
2
The energy conservation for the shallow water equations, that we proved earlier in
Chapter2, is now immediate from the Hamiltonian character of the equations.
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6. Exercises
Exercise 5. From Bernoulli at the free surface we get the equation
1
@t = gz
jr j2 at z = (x; t)
2
How is that related to the Hamiltonian formulation @t = H ( ; ) of the dynamic
surface equation for (x; t) = (x; (x; t) ; t)?
Exercise 6. Assume that a solution of the Dirichlet problem exists. Show that from
Dirichlet’s principle it follows that this is the only solution (uniqueness).
Exercise 7. Contemplate on the consistent modelling method of the kinetic energy
via Dirichlet’s principle as illustrated as follows. For the …rst variation of the kinetic
energy with respect to we get
Z Z
Z
K( ; )=
: dzdx + @N : dx

Hence, if and only if
= 0 for all variations of
for any approximative method, it will be the case that
K 6= @N

, it holds that

K = @N . So

for approximations

and the di¤ erence is determined by how well the Laplace equation is satis…ed (i.e. how
well the ‡ow is modelled to be incompressible!).
In the shallow water approximation we take (x; z) = (x) and there results after
integration with respect to z
Z
Z
2
K( ; )=
(D + ) @x : dx + @N : dx
so that with @N

= @z

K=

@x :@x =
(D +

) @x2

@x :@x we obtain for the variational derivative
@x :@x

@x (D + ) @x

which is the same result obtained by inserting the approximation (x; z) = (x) directly
in the Dirichlet integral and taking the variational derivative
Z
1
(D + ) (@x )2 dx with KSW ( ) = @x (D + ) @x
K ( = ) = KSW ( ) =
2

CHAPTER 4

HAWASSI wave models

The acronym HAWASSI stands for
Hamiltonian WAve - Ship - Structure Interaction.
There are two di¤erent models with their own speci…c implementation
HAWASSI –VBM Variational Boussinesq Model
HAWASSI –VBM1 for (1HD) simulations of irregular waves in wave tanks above
‡at and varying bottom and VBM2 for (2HD) simulations with short-crested waves
in coastal areas with harbours and strongly varying bathymetry, and for simulation of
oceanic waves.
The interior ‡uid motion is modelled by a combination of a few (Airy-type) depth
pro…les; this makes it possible to optimize the dispersion properties depending on the
speci…c case to be simulated. Nonlinear e¤ects are accounted for in a weakly nonlinear
way that is su¢ cient for most applications, and in a fully nonlinear way in a new version
of the software.
Features of the 1&2HD code include
The quality of dispersion is optimized for the speci…c wave problem to be simulated, which makes it possible to simulate deep ocean waves or very short waves
(kh=15 or more) and infragravity waves
Use of an unstructured grid (2HD) with mesh-size depending on bathymetry
Wave in‡ux from interior line using sources in the dynamic equations
Use of e¢ cient damping zones, (partially re‡ecting) walls for harbour lay-outs,
etc.
Calculation (1HD) of interior ‡uid velocities, ‡uid accelerations and the (dynamic and total) pressure at user de…ned positions between surface and bottom
(as post-processing)
Facilities of the software include
GUI for input of wave characteristics and model parameters, GUI for post
processing
Easy generation (using a GUI) of an unstructured 2HD mesh based on local
depth for given bathymetry and geometric structures
Input of wave properties (spectra, wave directionality) computed by (and in
format of) SWAN to design irregular wave in‡ux in the VBM2 model
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Time partitioned simulation to reduce hardware requirements
Project examples with harmonic and irregular waves above bathymetry in various geometries
Manual for easy operation and literature references to validations
HAWASSI –AB1 Analytic Boussinesq Model (1HD)
HAWASSI -AB for fast simulations of high, very nonlinear, breaking or non-breaking
waves in 1HD (long crested), with the capacity to obtain reliable statistics about extreme
wave occurrence in reasonable short time.
The interior ‡uid motion is modelled in an analytic way using Fourier-Integral Operators; as a consequence, dispersive properties are modelled exactly. Nonlinear e¤ects
can be included to any order, implemented until 4th-order. Breaking waves are modelled
using an eddy-viscosity method with kinematic breaking criterion
Features of the 1HD code include
Exact dispersion: waves of any wave length can be simulated
Linear, 2nd, 3th and 4th order nonlinear; breaking
Varying bottom, including run-up
Various methods for wave in‡ux from interior position
Use of e¢ cient damping zones and (frequency dependent, partially re‡ecting)
walls
Calculation of interior ‡uid velocities, ‡uid accelerations and the (dynamic and
total) pressure at user de…ned positions between surface and bottom
User-de…ned linear dispersion is accepted and then incorporated in the nonlinear terms
Facilities of the software include
GUI for input of wave characteristics and model parameters, and GUI for postprocessing
Time partitioned simulation is possible to reduce hardware requirements
Project examples with harmonic, focusing and irregular waves above bathymetry in various geometries
Manual for easy operation and scienti…c description of the equations with literature references to the full theory and to more than 50 validations
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1. Underlying Modelling Methods
As described in the previous chapter, the free surface dynamics for inviscid, incompressible ‡uid is governed by a set of Hamilton equations for the surface elevation
and the surface potential. By approximating the kinetic energy functional (based on
Dirichlet’s principle) to obtain explicit dependence of the kinetic energy on the surface variables, the simulation of the interior ‡ow is avoided, giving the much desired
Boussinesq dimension reduction.
In VBM the interior ‡ow is approximated by using a linear combination of a few
vertical Airy pro…les, characterized by the value of the chosen wave numbers. The choice
of these values determines the dispersion relation, and optimized values are determined
based on the spectrum of the in‡ux signal (or initial pro…le) of the case under investigation. Therefore, VBM can have excellent, tailor-made, dispersive properties; deep water
waves can be simulated just as well as infragravity waves.
In AB the kinetic energy is calculated using a generalization of the linear Airy
potential; the generalization has exact dispersive properties for linear waves, can deal
with arbitrary bottom and has ‡exible order of nonlinearity for the surface elevation.
For both codes, the Hamilton system conserves the (approximate) positive de…nite
total energy exactly, avoiding sources of instability. The time dynamics is explicit, no
CFL-conditions are required. Time stepping is done with matlab ode45 code, with
automatic variable time step.
1.1. General aspects of HAWASSI implementations. For VBM, a Finite Element method using piecewise linear splines deals with the …rst order di¤erentiations that
appear in the approximate KE. In addition, a system of elliptic equations in the horizontal variables is solved for the amplitudes of the Airy functions. VBM uses variable
grid size depending on the local depth, making 2HD simulations more e¢ cient.
For AB, Fourier-integral operators (FIO) are used in a spatial-spectral implementation. The FIO’s are approximated to enable e¢ cient FFT (fast Fourier transform)
-methods by interpolation techniques. Localization methods have been implemented to
deal with walls, breaking waves, etc. AB, using Fourier methods, has uniform spatial
grid step, and is very fast.
For both models a few items are treated in the same way and are described in this
section.
1.2. Hamiltonian consistent spatial discretization. The HAWASSI models
have the essential property that the dynamic equations are in Hamiltonian form and,
as a consequence, have exact energy conservation, which could prevent instabilities and
blow-up. This is an important part of the ’consistent’modelling approach.
In order to derive a numerical implementation, a time and space discretization has
to be made of the dynamic equations. In HAWASSI that is done in such a way that the
consistent approximation property is conserved:
(1) The time and space-discretization are completely decoupled;
(2) The explicit time integrator should be su¢ ciently accurate; in the HAWASSI
models we choose to use RK45 with variable time step, as available in Matlab.
For continuous time, the spatially discretized system is again a Hamiltonian system, now in vector variables ; ; the discrete versions of ; , and with a discretized
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Hamiltonian H

;

; the equations are in Hamiltonian form
@t
@t

@ H
@ H

=

with a skew symmetric matrix that will depend on the discretization method. The
system is in Hamiltonian form, and as a consequence the discretized Hamiltonian H is
conserved exactly. In more detail the description is as follows.
Instead of looking for functions (x; t) ; (x; t) (from an in…nite dimensional function
space) we restrict to functions in a …nite dimensional function space (dimension N ), say
(4.1)

N
j=1 j

(x; t) = (t) T (x)

(t) Tj (x)

where Tj (x) form a set of independent base functions. Then the discretized Hamiltonian
H is obtained by restriction
(4.2)

H

;

=H

(t) T (x) ; (t) T (x)

The partial derivatives, for instance the gradient with respect to , denoted by @ H,
can then be found in a straightforward way from
@ H

= h H;

T i = h H; T i

leading to
(4.3)

@ H = h H; T i

Taking the spatial innerproduct with T of the dynamic Hamilton equations, for
instance
h@t ; T i = h H; T i

the restriction to the …nite dimensional subspace leads to
h@t

which can be written as

T; T i = h H; T i

M @t = @ H with Mjm = hTj ; Tm i

Similarly for the momentum equation.
M is the so-called mass-matrix, which is symmetric. Since the base functions are
independent, M is also invertible and we get
M
0

(4.4)

0
M

@t
@t

=

0

@ H
@ H

1
1 0

or
(4.5)

@t
@t

=

@ H
@ H

with

=

0
M

1

M
0

1

Remark 7. In Matlab time stepping procedures, the presence of a positive de…nite
matrix acting on the time derivatives can be dealt with without the need to invert the
matrix; so (4.4) can be dealt with directly.
Example 8. Finite element method with piecewise linear splines (used in VBM)
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Taking an equidistant grid in 1HD with mesh size
described by
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x; piecewise linear elements are

jx

xk j
;0 :
xk+1 xk 1
Using these ’tent’ functions, any function in x can be approximated by continuous
piecewise linear functions. The canonical variables are then described with coe¢ cients
that depend on time
Tk (x) = max 1

(x; t)

n
X

k (t)Tk (x);

(x; t)

k=1

n
X

k (t)Tk (x)

k=1

The mass matrix is explicitly given by its elements
Z
Mkj = Tk (x))Tm (x)dx

Since the highest derivatives in the Hamiltonian are of …rst order, only the …rst derivative
of the base functions are needed, which are piecewise constant functions.
For instance, the simple Hamiltonian for linear SWE above bottom at depth D (x),
is then discretized as
1
+g M
H= G
2
where G is the so-called sti¤ness matrix which is symmetric and has components
Z
Gkm = @x Tk (x)):D (x) @x Tm (x)dx
The consistently discretized Hamilton equations become
M @t = @ H = G
M @t =

@ H=

gM :

Explicitly, the matrices are given (above constant bottom D) by
0

M=

B
B
B
xB
B
B
@

1
3
1
6

1
6
2
3

1

1
6

::: ::: :::
::: ::: :::
1
6

2
3
1
6

1
6
1
3

0

1
C
B 1
C
B
C
B
C;G = D B
C
xB
C
B
A
@

1
2 1
::: ::: :::
::: :::
1

1

:::
2
1

C
C
C
C
C
C
1 A
1

Note that G can be recognized as the central …nite di¤erence approximation of the
second derivative.
Example 9. Fourier truncation (used in AB)
For an equidistant grid on an interval of length L with mesh size x = L=(2N ); we
introduce wave numbers km and choose as base functions the harmonics
2
2
Tm (x) = eikm x ; with km = m
x=m
L
N
Continuous (periodic) functions on the interval are then approximated by a …nite Fourier
series
ikm x
(x) = N
m= N +1 m e
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In line with the complex base functions, the complex innerproduct is taken. Then
M = Id is the identity matrix. The linear SWE Hamiltonian above constant bottom
becomes
i
1h
H=
G : + g j j2
2
2
where now G =diag km .
1.3. Wave in‡uxing and damping.
Wave in‡uxing:
Wave in‡uxing is done in an embedded way by adding a source to the rhs of the
continuity equation. The general methodology is described in Lie ea. 2014.
A simple example is given by the unidirectional right travelling wave equation for
which at x = x0 a signal s (t) is prescribed. Then adding a point source with time
dependent strength c0 s (t) to the evolution equation as
(4.6)

@t =

c0 @x + c0 s (t)

Dirac (x

x0 )

the resulting solution is a to the right travelling wave with the required signal at x = x0
x
(x; t) = s t
(x x0 )
c0
where is the Heaviside function
0 for < 0
( )=
1 for > 0
It should be remarked that for more general cases the in‡ux can be smeared out over
an interval instead of from a single point, so-called area in‡uxing. For any given spatial
function (x x0 ), for instance a narrow Gaussian function centered at the in‡ux point,
the strength of the in‡ux signal has to be adjusted, from s (t) to (t) in such a way
that the source (x x0 ) (t) leads to the correct waves outside the generation area;
it turns out that it is the group velocity that determines the total required strength in
the generation area (illustrated by the presence of c0 in the example above- which is
accidentally also the phase velocity for SWE).
Damping zones:
Damping zones are used to prevent waves reaching the boundary of the numerical
window if that is not desired. As is common, damping terms are added to the continuity
and momentum equation. For instance for the unidirectional translation equation with
damping term we have
(4.7)

@t =

c0 @x

(x)

where
is a suitably chosen positive parameter, and (x) a function that vanishes
outside the damping zone and smoothly increases to value 1 inside the damping zone.
Note the exponential decay for the simpli…ed equation (actually in a moving frame)
@t =
at a position inside the damping zone. In the damping zone the translating
wave will then decay exponentially depending on the distance travelled, which depend
therefore on c0 (i.e. on the wave length in dispersive equations).
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2. HAWASSI-VBM (Variational Boussinesq Model)
2.1. Consistent Hamiltonian derivation. We restrict to linear waves above ‡at
bottom in the explanation of the basic ideas.
VBM Ansatz:
Motivated by Dirichlet’s principle we restrict the potential (in the simplest version)
to the sum of the surface potential (x) (as in shallow water case) and a term that has
an a priori chosen depth-pro…le F (z) with a space dependent coe¢ cient (x)
(4.8)

(x; z) =

(x) + F (z)

(x)

In order to assure that is the surface value and that satis…es the bottom boundary
condition above horizontal bottom, it is required to take
F (z = 0) = 0; @z F (z =

D) = 0

We …rst investigate the consequences without specifying the function F (z).
Approximate kinetic energy:
RR
The kinetic energy is obtained by inserting the Ansatz in
jr j2 dzdx. Performing
the integration over z the following result is obtained
Z
i
1 h
D (@x )2 + 2 @x @x + (@x )2 + 2 dx
(4.9)
K( ; )=
2
Here ; ; are constants (in the linear theory) that depend on the choice of the function
F (z), explicitly given by
Z 0
Z 0
Z 0
2
(4.10)
=
F dz; =
F (z) dz; =
Fz2 dz
D

D

D

Not that in this linear limit, K does not depend on .
From Dirichlet’s principle we have to …nd the lowest possible value for K. Since is
not speci…ed yet, we choose it such that K is minimal with respect to , for any given
. This leads to a compatibility condition, i.e. a relation that couples to the function
(4.11)

K

@x @x

@x @x +

=0

This can be rewritten more clearly as
(4.12)

E

which is an elliptic equation for

xx

+

=

xx ;

, given .

Remark 8. For the above Ansatz we get for the Laplacian
=(

xx

+F

xx )

+ Fzz

Although desired, this expression cannot vanish identically for all x; z. Taking the weaker
condition that
Z
0

F (z)

dz = 0

D

should be satis…ed is a kind of weak formulation for the vanishing of
instead of
the pointwise vanishing condition. Working out this condition leads precisely to the
compatibility condition 4.12. The justi…cation to use precisely this condition is given by
the minimization argument from Dirichlet’s principle.
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Remark 9. It can be shown that the elliptic operator is symmetric and positive
de…nite, and is (hence) invertible. This implies that a unique can be found depending
on , written with the inverse of the elliptic operator E as = E 1 ( xx )
Hamiltonian system for VBM:
With the VBM Hamiltonian
1
HV BM ( ; ; ) = K ( ; ) +
2

(4.13)

Z

g

2

dx

we get for the kinematic and the momentum equation
8
= @x [D@x + @x ]
< @t = HV BM
@t =
HV BM = g
(4.14)
:
compatibility
= xx
xx +

It is also possible to remove in a formal way the -contribution from the formulation
by explicitly writing = E 1 ( xx ) and de…ne the kinetic energy in ; as
K( )=K
leading to
(4.15)

1
K( )=
2

Z h

D (@x )2

;

2

1

=E

xx E

1

(

(

xx )

xx )

+

E

1

(

xx )

Choices for pro…le function:

2

i

dx

The choice of the pro…le function determines the dispersion relation (exercise).
In the …rst publications (Klopman ea. 2005) a parabolic pro…le function was taken,
completely determined up to an arbitrary multiplicative factor by Fpar (z) = z (2D z).
A better and more ‡exible choice is motivated by Airy’s theory:
FAiry (z) =
Note that then for =
dependent amplitude

cosh (z + D)
cosh ( D)

1

we get a one-pro…le form of Airy’s theory, now with space
(x; z) =

(x)

cosh (z + D)
cosh ( D)

Here is an ’e¤ective ’wave number, a parameter that can be chosen in an optimal way.
Then dispersive properties can become much better with this vertical pro…le function:
it is exact for the wave number k = and very good for k < .
Extensions in HAWASSI VBM:
Using better Ansatzes for the potential , the above can and has been extended,
using essentially the fact that only the kinetic energy has to be improved, and the
consequences are given by its variational derivatives in the free surface equations.
More Airy vertical pro…les, with di¤erent e¤ective wave numbers
(x; z) =

(x) + F1 (z)

1 (x)

+ F2 (z)

2 (x)

1;2

+ :::

Optimized choices of 1;2;::: in the vertical pro…le functions
Nonlinear e¤ects: function(s) F = F (z; ) which leads to coe¢ cients
that will depend explicitly on .

; ;
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2.2. Numerical implementation. The most important aspects not yet mentioned of the numerical implementation for VBM are listed here.
The compatibility equation, given by the elliptic eqn that couples
to , is
positive de…nite and invertible. To solve this equation, various methods are
available; in HAWASSI VBM a preconditioner is used.
To optimize the e¤ective wave number in the Airy pro…le, the method described in Lakhturov ea. is used; it minimizes the kinetic energy (in line with
Dirichlet’s principle) for the expected wave that corresponds to the given in‡ux
time signal.
Also for extensions described above, the kinetic energy remains quadratic in
the potentials, but the coe¢ cients will depend on in the nonlinear extension.
This makes it possible to use the piecewise linear spline functions in 1HD and
in 2HD on an unstructured grid also for the extensions.

70

4. HAWASSI WAVE MODELS

3. HAWASSI-AB (Analytic Boussinesq)
3.1. Consistent Hamiltonian derivation. We …rst restrict to linear theory above
‡at bottom
AB Ansatz:
Motivated by Dirichlet’s principle we restrict the potential to the explicit expression
given by Airy’s theory for a strip, the approximation for linear waves
Z
^ (k) cosh k (z + D) eikx dk
(x; z) =
cosh kD
As a consequence, all expressions will have to be formulated in Fourier space.
Approximate kinetic energy:
The kinetic energy K ( ) in the Hamiltonian can be obtained by direct calculation
of jr j2 in Fourier space and integration over z; the result is
Z
2
2
k tanh (kD) ^ dk
(4.16)
KABlin ( ) =
2
(an additional factor 2 pops up because of Parseval’s identity). Written as (3.17) we
get the exact phase velocity of linear waves as the symbol of the phase velocity operator
1
(4.17)
KABlin ( ) =
2g
The variational derivative

Z

2

r

jCAB @x j dx with CAB =
^

g tanh (kD)
k

K can be calculated to be
Z
^ (k) k tanh (kD) eikx dk
KABlin =

Hamiltonian system for AB model:
The resulting Hamiltonian system for the AB model with
Z
1
(4.18)
HABlin ( ; ) = KABlin ( ) +
g 2 dx
2
leads to the exact linear equations above ‡at bottom
(4.19)

@t (x; t) = HAB =
@t =
HAB
=

R

^ (k) k tanh (kD) eikx dk
g

Extensions in HAWASSI AB:
The extension to include varying bottom and nonlinearity leads to the necessity to
deal with Fourier Integral Operators (FIO’s), a full treatment of which is out of the
scope of this introductory text.
As a motivation we look at the Airy result for the potential, which is exact for linear
waves above ‡at bottom. It is tempting to generalize this expression to include bottom
variations and …nite surface elevation by writing
Z
^ (k) cosh k (z + D (x)) eikx dk
(4.20)
(x; z; t) =
cosh k ( (x; t) + D (x))
Note that now under the integral sign for the Fourier transform, the parameter x appears
explicitly; hence a FFT is required for each x. This is an extension of pseudo-di¤erential
operators (PDO’s) to Fourier Integral Operators (FIO’s). Inserting this restriction into
Dirichlet’s principle, leads to complicated expressions. Approximations in any order of
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nonlineairity are possible in principle; 2nd, 3th and 4th order approximations have been
published and extensively tested (Kurnia & Van Groesen 2014, 2015). As an example,
the 2nd order model can be e¤ectively be written as (3.17)
r
Z
1
g tanh kH (x; t)
2
(4.21)
KAB2 ( ; ) =
jC ( ) @x j dx with C ( ) =
^
2g
k
Here the nonlinear phase velocity operator is the FIO C ( ) and is a direct generalization
of the phase velocity of the linear theory.
Accurate and rather fast simulations are possible with the various versions of nonlinear AB models; breaking has been included.
3.2. Numerical implementation. From its description in the previous section,
it will be clear that for the AB-model the implementation will use Fourier truncation,
which makes it possible to use the FFT techniques that are available.
The main points that have to be taken care of are the following
Avoid ’aliasing’, which requires that all essential dynamics (taking into account
the nonlinear mode generation) will take place in wave numbers below the
Nyquest frequency
Avoid ’periodic looping’: since Fourier truncation methods deal with functions
on a …nite periodic interval, waves travelling to the right (for instance) will
reach the right end point and enter the left end point of the interval. This can
only be prevented by damping zones that diminish the waves before reaching
the boundaries of the interval.
As stated above, for an operation with a FIO, a FFT is required at each spatial point in a direct implementation, which would make the implementation
very time consuming. This has been avoided by approximating the FIO using
interpolation. For instance, in (4.21) the expression is taken at a restricted
number of x-values of H (x; t) = (x; t) + D (x); for each …xed value x in H the
FIO becomes a simpler PDO; interpolating the PDO’s with spatially dependent
coe¢ cients, can then reduce the numerical burden substantially.
Localization. Fourier methods use global base functions, the harmonic functions, de…ned and non-vanishing over the entire interval, which means that
each base function has an in‡uence at all points. Conversely, a desired value at
a speci…c point needs the subtle interaction of all base functions, very di¤erent
from the local splines as in the VBM implementation. The best known example
is that of a delta-Dirac function: to de…ne it at one point, all Fourier modes
should have an equally large contribution
Z
1
eikx dk
Dirac (x) =
2
This causes problems to introduce for instance a wall in the computational
domain, or to introduce moving shore lines. These problems have been tackled
and solved in the past years for these cases, and even for dynamic ships in
waves, but it remains a topic that deserves much attention.
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4. Exercises
Exercise 8. Determine the dispersion relation for linear VBM using the parabolic
pro…le and using one Airy pro…le. Discuss the quality of dispersion by comparing with
the exact dispersion relation. Make plots of the dispersion relation compared to the exact
dispersion.
Exercise 9. Show that the kinetic energy of VBM can be written as in (3.17) and
verify that the operator is then indeed the phase velocity.
Exercise 10. Check with a direct calculation that the total energy is conserved.
Exercise 11. Show that the linear AB model has exact dispersion

APPENDIX A

Tutorial: "The Art of Scienti…c Simulation"
Using a scienti…c simulation program as HAWASSI in a reliable way requires a lot of
knowledge. The de…nition of many words has to be known, such as ‘amplitude’, ‘peak
period’, ‘irregular waves’, ’spectrum’, etc., all the concepts of Chapter 1.
More important is to realize that the underlying model (as any model will be) is
only an approximation of reality. Knowing the consequences of the assumptions and
simpli…cations that were made to design the model is essential (but often not enough)
to be able to judge beforehand if a certain wave phenomenon can be captured or not.
And even if a desired phenomenon (like non-linearity) can be captured, it may be only in
a limited sense (’weakly’, 2nd-order, higher order, etc.). On top of that, the calculations
with the discretized versions of the continuous models will introduce numerical ’errors’
that has to be understood and reduced as much as possible.
These introductory sentences are not meant to discourage the use of scienti…c software, on the contrary. Instead, it is a warning to be prepared and to remain critical
about any input given, and about examining any output from the software. It can be
seen as a challenge and fun to get the best results for the given software capabilities.
Below are listed a few guidelines and general attitudes to help unexperienced users of
software to approach quicker reliable results.
Embedded focusing:
In most cases you will aim to perform a ‘di¢ cult’simulation, such as irregular waves
above varying bottom with nonlinear e¤ects included. To …nd out what the capabilities
of the software are, and to see the consequence of each separate di¢ culty, it is wise to
start with simpli…ed cases. This may seem to be a waste of time, but it is essential: at
the end it is the user who is responsible for judging the quality of the output.
To achieve a good judgement, having results from various increasingly more complicated cases may make you more (or less) convinced about the quality of the …nal
result. Stated di¤erently, since Scienti…c Simulation will not provide ‘exact’results, it
is therefore insightful to envisage your end result as a ‘point’that should be embedded,
or being approached, by neighboring ‘points’ of other simulations, ensuring a kind of
model robustness. Furthermore, it forces you to concentrate on the various e¤ects separately, which may indicate quicker what the possible weak aspects in the …nal result
could be. Besides that, changing numerical settings such as discretization size should
give an equally important numerical robustness, see below, and adds to the points in
the embedding of the …nal result.
Speci…ed for the given ‘di¢ cult’ example described above, it could start with the
choice of the simulation domain, width of damping zones, boundaries, quality of in‡ux
procedure, etc. In many cases when the domain is not (completely) given, a most
optimal choice (for fastest, yet accurate, simulations) and the quality of damping zones
can already be found with linear simulations of harmonic waves (with period near the
peak period of the desired irregular waves). The step to linear, irregular waves should
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con…rm the quality of damping zones and domain choices. Nonlinear e¤ects can then
be investigated by comparison with linear simulations.
Anticipated vs. actual result:
Strongly stated, a good advice would be: do not perform simulations for cases for
which the end result is not (qualitatively) known beforehand. The user should know which
e¤ects will (or could) be important and should check that the software is described to be
capable of covering these aspects, and to which degree; for instance whether steep waves
that are expected to turn up can ‘break’or not in the speci…c software. The ‘Embedded
focusing’– approach described above helps to identify the (strength of certain) e¤ects,
and the in‡uence on the end result.
Thinking in advance what has to be expected also helps in studying the actual result,
which is the output of the simulation: is it as expected or is it (much) di¤erent? In the
last case one has to …nd out what is the cause, for instance wrong input, errors in the
software (maybe a bug, or an e¤ect that is not supported), or maybe the expectation was
wrong (which should then lead to more insight in the phenomenon of wave propagation).
In any case, having an anticipated result in mind helps to focus to look critical at the
output, instead of being satis…ed that ‘some’result has been obtained.
Suggestions for chosing spatial grid-sizes:
A correct choice of the gridsize is a di¢ cult matter since it depends strongly on the
case to be simulated. Ideally, the gridsize should be …ne enough to recover all physical
phenomena in the simulation, and on the other hand as coarse as possible to reduce
computational complexity and computation time.
Most important is that if you judge to have a good result for a certain grid size, a
next step has to follow to verify if a …ner gridsize produces qualitatively the same result
that is quantitatively close to the original result; this aspect of numerical robustness is
just as essential as the model robustness above.
To give some (necessarily rather vague) guidelines, we introduce the minimal relevant
wave length (MRW) as the smallest wave length that is expected to be needed to cover
the phenomena. Then the advice is to take
M RW
12
so ’at least 12 points per relevant wave length’. The actual number ’12 ’ is not well
founded; roughly speaking in most cases 6 points are enough to capture asymmetries
in the crests and troughs of a wave. For spectral modelling, this number should be
multiplied by 2 to prevent aliasing: only wave numbers below the Nyquest value should
be taken into account.
This leads to the problem to …nd a good estimate of the MRW. We distinguish
between harmonic and irregular waves, between ‡at and varying bottom, and linear and
nonlinear simulations. In the …rst instance for 1D (long crested) waves in the direction
of propagation and then some remarks about short crested waves.
Waves above ‡at bottom
For harmonic waves we can take MRW as the wave length of the wave, also in
case of mildly nonlinear Stokes waves.
For compositions of a few harmonic waves for linear simulations, MRW is the
smallest wave length. For m-th order nonlinear simulations a fraction 1=m is
gridsize =
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needed but maybe smaller for strongly nonlinear cases; for breaking waves a
further reduction may be required.
For irregular waves and linear simulations, the spectrum will be decisive. Decide
about the largest frequency for which the simulation should be accurate (for
instance 2, 3 or 4 times the peak frequency if the spectrum is not too broad), and
take the corresponding wave length as MRW. Observe that as a consequence
of the concavity of the dispersion relation ! = (k), 2 times larger frequency
implies a much larger than 2 times larger wave number (much smaller than two
times smaller wave length.)
Nonlinear (breaking) simulations of irregular waves can be treated in the same
way as described above for combinations of harmonic waves.
Waves over varying bottom
Bathymetric changes can, just as nonlinear e¤ects, strongly deform (and extend)
the spectrum, for instance by the process of mode generation. Clearly, in such cases the
gridsize should be …ne enough to capture all details, until a further re…nement does not
show essential di¤erences anymore.
For short crested waves there will usually be a ’main’ direction of propagation,
although that direction does not have to coincide with the direction of main energy
propagation (which is the direction that causes the main changes in the wave pro…les)
in multi-modal sea states. Then the above arguments for long crested waves hold in that
case in the propagation direction. But since interesting cases of short crested waves will
usually have a spreading angle of some 300 or more with respect to the main direction,
there is not much to gain for the gridsize in the perpendicular direction, so that a square
or unstructured grid is often most e¢ cient and accurate.
Practical Do’s and Don’ts (in HAWASSI software):
We list some practical points that may help to perform simulations with HAWASSI
in a smooth way. Adding to the manuals, the following points should be taken into
account.
Specify in the MAIN GUI an appealing Project name, and use User’s note to
indicate special cases, or changes; all these can be found back in the log-…le.
Check the provided input after …nishing the ’Preparation’ phase, but before
running the software; check the domain and bathymetry, verify the input time
signal, the quality of dispersion, etc.
Get a good quantitative idea about the value of essential quantities: what will
be the peak wave length, period, the expected Hs, Hs/Depth, and qualitative
aspects such as shoaling, role of non-linearity, etc.
In the Post-Processing phase, a simulation may easily show if something went
wrong or that it seems to be correct at …rst sight. Then look at time signals
(wave pro…les) and their spectra at di¤erent places (times), to convince yourself
that the result can be trusted or not. Do not just click and plot but look and
study graphical output intensely.
Finally contemplate on (dis-)agreement of the simulation results and your anticipated results. Based on these results you should decide about (changes,
extensions for) next simulations

APPENDIX B

Variational calculus
We provide a short description of the basic concepts, de…nitions and techniques.
1. Basic concepts and de…nitions
1.1. Fermat. In real analysis courses at an introductory level, functions of one or
more variables are considered. The de…nition of di¤erentiation of functions is a vital
part of such courses, and a standard result is the following.
Algorithm of Fermat, for 1-D optimization problems1.
If the di¤erentiable scalar function of one variable f : R ! R attains
a (local) extreme value at the point x
^, then the derivative at that point
vanishes:
f 0 (^
x) = 0:
Viewed as a condition for a point to be an extremal element, this condition is necessary but not su¢ cient; every point that satis…es this property is called a critical point,
so including ‘saddle points’.
Knowing the above result for functions of one variable, the generalization to functions
of more (n) variables is remarkably simple: the use of partial derivatives reduces the n
dimensional problem to n 1-D problems, as follows.
For F : Rn ! R; at the point x the directional derivative in a direction is found
by di¤erentiating the scalar function obtained by restricting F to the line through x in
the direction , i.e. the function " ! F (x + " );
d
d"

F (x + " )

DF (x) :

"=0

Here DF (x) is seen as a map from Rn into R as ! DF (x) . If x minimizes F on Rn ,
this point certainly minimizes at " = 0 the restriction to the line, and hence
d
d"

F (x + " ) = DF (x) =0:
"=0

If x minimizes F on Rn , this should hold for any direction , and the vanishing of the
directional derivative in every direction can be expressed by writing
DF (x) = 0:
It is common to rewrite this property by using the notion of gradient as follows.
1 Fermat did not write down the actual equation; he reasoned that small variations near a minimizer

produces a higher order variation in the function, the fundamental idea that leads to the result and
justi…es to adhere his name to the mathematical algorithm. Fermat didn’t know the concept of derivative
of functions other than polynomials; it was Leibniz who introduced in 1684 the concept of derivative of
arbitrary functions.
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For F : Rn ! R; let rF be the gradient of the function, de…ned to be the column
vector
1
0
@x1 F (x)
A:
rF (x) = @ ...
@xn F (x)

The relation with the directional derivative is simply that for each
DF (x)

rF (x)

where in the rhs the usual inner product of vectors in Rn is meant. Then, from DF (x) =
rF (x)
= 0 for all , the vanishing of the map DF (x) can now be expressed by the
vanishing of the gradient (vector)
rF (x) = 0;
a system of n coupled equations for the n-vector x. This formulation is the direct
generalization of Fermat’s algorithm to n dimensional optimization problems.
1.2. Generalization to in…nite dimensions. In wave applications we encounter
scalar functions de…ned on an (in…nite dimensional) function space. The function is
then usually called a functional. The function space consists of functions of one or
several variables de…ned in some domain. The functional is often of the form of a
density functional : it assigns to each function a real number by integrating powers of
the function and its derivative: for instance the L2 -norm of a function u (x)
sZ
kukL2 :=
u2 (x) dx:
The notion of di¤erentiation of such functionals is a simple generalization of di¤erentiation of functions of a …nite number of variables, as follows.
By restricting the functional to 1-dimensional lines in the function space, the
notion of directional derivative can be applied and is called the …rst variation;
When dealing with density-functionals, a generalization of the gradient can
be de…ned and will lead to the notion of variational derivative. The speci…c
expression is related to the choice of the innerproduct, but without further
notice we will always use the standard L2 innerproduct for functions under
consideration, with notation:
Z
< f; g >:= f (x) :g (x) dx
The fact that from rF (x)
= 0 for all , it follows that rF (x) = 0, can be
generalized to in…nite dimensional function spaces with the L2 innerproduct
as a consequence of Lagrange’s Lemma; this result will enable us to identify
the …rst variation with the variational derivative (not considering boundary
contributions).
The in…nite dimensional case also brings characteristic di¤erences.
The functions to which the functional assigns a certain value are de…ned on
a domain; ‘variations’ of the functions may be restricted to variations in the
interior of the domain because of restrictions on the boundary by so-called
boundary conditions; but such conditions may also result as a consequence of
the condition for a critical point (so-called natural boundary conditions).
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When talking about functions, clearly their smoothness (continuity, di¤erentiability) is important2.
The typical notation to be used in the following for the variational derivative is
L(u), and Fermat’s algorithm generalizes to
(B.1)

L(u) = 0

as the condition for a minimizing element. This equation is most times a di¤erential
equation together with boundary conditions, replacing the algebraic equation rF (x) = 0
for a minimizer of a function of a …nite number of variables.
Just as in …nite dimensions, the second derivative may re‡ect minimization properties, and in general provide insight into the character of a critical point. In the Calculus
of Variations these aspect are dealt with in the theory of …rst and second variation.
1.3. Notation and General Formulation. Generally speaking, for an optimization problem we have the following basic ingredients:
a set of admissible elements M, usually some subset of an (in…nite dimensional)
space U;
a functional L, de…ned on U (or only on M).

The minimization problem of L on M concerns questions about an element u
^ that
minimizes the functional on the set of admissible elements. By de…nition u
^ is the element
for which the functional achieves it’s lowest value among all admissible elements in
the set M
= L(^
u) and L(^
u)

L(u) for all u 2 M:

The questions could deal with the existence, the uniqueness, and the characterization
and computation of the minimizer. Here we will mainly deal with the equation as
the characterization of a minimizer and critical points; these equation(s) for a critical
point are called the Euler-Lagrange equation, and may be supplemented with boundary
conditions, etc..
1.4. Functionals. The functionals we will encounter most are density-functionals:
the functional assigns to each function (from a set of admissible functions) a number
that is found by integrating expressions of the function and its derivatives. The general
form of a density functional cannot be given without complicated notation; therefore we
just list the main type of functionals that we encounter in variational wave modelling.
1.4.1. Lagrangian functionals from Classical Mechanics. For scalar or vector functions q, say q 2 RN , of one variable t (the time), and with q_ denoting the time derivative
of q, the functional is of the general form
Z
(B.2)
L(q) = L(q; q)dt
_
where the Lagrangian density L is a given, smooth, function of its 2N (RN
arguments.

RN )

2 It also leads to the most characteristic di¤erence with …nite dimensional spaces. In in…nite dimensional spaces di¤erent (non-equivalent) norms are possible: a function may be square integrable, while
the squared derivative may have arbitrary large integral.
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1.4.2. Dirichlet type of integrals. For scalar functions de…ned on a domain
Rn ,
and with r the gradient of , the functional integrates over the spatial domain an
expression, like
Z
jr j2
(x) dx
L( ) =

where

is a given function on

.

1.5. Spaces and Admissible variations. For each variational problem a set of
admissible elements should be speci…ed: the set on which the functional is de…ned,
and the functions that are allowed (‘admissible’) in the competition of looking for the
minimizer.
In general, the set of admissible elements consists of functions u(x) of one or more
variables x 2 Rn de…ned on a certain domain (bounded or not)
Rn . Usually
these functions are subject to certain conditions, conditions which may be of di¤erent
character
: smoothness and integrability conditions, at least to assure that the density functional is well de…ned;
: boundary conditions: conditions on the function and/or its derivatives on (parts
of) the boundary @ of the domain on which the functions are de…ned;
: (internal) constraints; since this is not relevant for most wave problems, we will
not dwell upon constrained problems.
To explain the notion of (admissible) variation, consider a function u(x) de…ned
on . A variation of that function is a ‘small’ change of that function, possibly over
its full domain . To make ‘small’ more precise: for any (…nite) function (x) on
and " su¢ ciently small, the function " (x) is small and we can consider the function
u(x) + " (x) to be in the ‘neighbourhood’of u(x), approaching u (x) for " ! 0. (Note:
we do not specify a certain topology and hence not a precise notion of ‘approach’.)
Stated di¤erently, a line through the ‘point’u in the ‘direction’ is the set in function
space:
" ! u(x) + " (x);
it is a family of graphs in which the original graph of u(x) is embedded, and the elements
of the family ‘approach’this function for vanishing ".
In the classical Calculus of Variations it is common to write u(x) for " (x) with "
small and to call it a variation; to avoid confusion, we will often write " (x) and make
the dependence on the parameter " explicit.
In all the relevant wave applications, we will deal with admissible sets for which each
element (function) can be changed locally in a neighbourhood of each interior point in
its domain of de…nition in an arbitrary way and that still the varied element remains
admissible.
To consider such local variations, we introduce test functions. Test functions make
it possible to change a given function in the interior of its domain of de…nition, without
altering the behaviour at the boundary.
Definition 1. Given a domain
Rn , the set of test functions on
will be
1
denoted by C0 ( ) and consist of all functions that are in…nitely di¤ erentiable (C 1 )
and that vanish, together with all derivatives, near the boundary @ (C01 ).
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Remark 10. Such test functions really exist: for any interior point x0 2
such that x 2 if jx x0 j < r0 an example is
(
1
for jx x0 j < r0
exp
r02 jx x0 j2
(x) =
0
for jx x0 j r0
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and r0

Now we can de…ne two essentially di¤erent classes of admissible elements, leading
to di¤erent variational problems and di¤erent methods and results:
Definition 2. An unconstrained variational problem is a problem for which the set
of admissible elements M consists of functions de…ned on a domain such that all test
functions belong to the set of admissible variations:
if u 2 M then u + C01 ( )

M,

meaning u + " 2 M for each 2 C01 ( ) and each ".
When this is not the case we will talk about a constrained variational problem.
We will deal only with unconstrained problems: M will consists of ‘all’ smooth
functions on but possibly with restrictions on the boundary (boundary conditions).
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2. Theory of …rst variation
In this section we derive the generalization of Fermat’s algorithm. Assuming the
existence of a minimizer, we derive the governing equation, after which all solutions of
this equation are called critical points, just as in …nite dimensions.
2.1. First variation and variational derivative. To de…ne the derivative of a
functional, we use the idea of directional derivative since then the problem is reduced
to the di¤erentiation of a scalar function of only one variable. Hence, let u be a given
function, and v an (arbitrary) variation. With this variation the original function u is
embedded in the class of varied functions (a 1-parameter family) of the form " 7! u + "v:
Fixing v, and restricting the functional to this line, we get a scalar function of one
variable:
" 7! L(u + "v):
The derivative of this function of " is then by de…nition the directional derivative, the
…rst variation.
Definition 3. First variation
The …rst variation of a functional L at u in the direction v is denoted by L(u; v) and
de…ned as
d
L(u + "v)
:
(B.3)
L(u; v) =
d"
"=0
In most cases, the …rst variation is linear in v (nonlinear in u in general). When it
is linear in v (and continuous with respect to a topology on the space), it is known as
the Gateaux-derivative and is the direct generalization of the directional derivative of a
function on a …nite dimensional space.
From the de…nition of …rst variation above, it follows directly that a linear approximation of L(u + "v) is given as
(B.4)

L(u + "v) = L(u) + " L(u; v) + o(")

where, here and in the following, o(") means terms that are of higher than …rst order in
": o(")=" 7! 0 for " 7! 0.
The de…nition above applies to all kind of functionals. For density functionals it is
usually possible to perform a partial integration and to rewrite L(u; v) as the L2 ( )innerproduct of v and some function which will be denoted by3 L(u) and which will
be the direct generalization of the gradient of a function of a …nite number of variables.
This may require that the function u is smooth enough, and usually a contribution
consisting of an integration over the boundary appears in addition:
Z
Z
(B.5)
L(u; v) =
L(u) v +
b(u; v)
@

If functions v are considered that vanish on the boundary, the boundary contribution
vanishes identically. Therefore, we can use in particular the class of test functions C01 ( )
to avoid these boundary contributions. Then we have the following notion.
3 For

notational convenience we will exploit the notation L(u), although in much of
the literature the notation L= u is often used:
L
L(u)
(u):
u
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Definition 4. The function L(u) on
(B.6)
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de…ned by the condition

L(u; ) =< L(u); >
Z
L(u)
dx; for all

2 C01 ( )

is called the variational derivative of the functional L at the point u.
It will follow from Lagrange’s Lemma 1 below that when L(u) is continuous, (B.6)
indeed de…nes the function L(u) uniquely. We will give examples in the following to
demonstrate the calculation of the variational derivative.
2.2. Characteristic cases. For the characteristic functionals mentioned before,
the …rst variation and the variational derivative will be given here in illustrative notation.
2.2.1. Lagrangian functionals from Classical Mechanics. For
Z
L(q) = L(q; q;
_ t)dt
(using vector notation, and a sloppy, but characteristic, way of writing the derivative of
L with respect to the ‘variables’) the …rst variation and variational derivative are given
by
Z
@L _ @L
L(q; ) =
+
dt;
@ q_
@q
d @L
@L
(B.7)
L(q) =
+
:
dt @ q_
@q
2.2.2. Dirichlet type of integrals. For the functional
Z
1
L( ) =
jr j2
(x) dx
2

the …rst variation is given by

L( ; ) =

Z

[r

r

(x) ] dx

To …nd the variational derivative we have to perform a ‘partial integration’ for this
multiple integral. This is done by using the following basic elements from di¤erential
calculus. We write for a vector a it’s divergence as div(a) or as r a =div(a)). Then
we have the basic identity:
(B.8)

for scalar

with which we can write r
Secondly we recall
(B.9)

and vector a:

div( a) = r

r =div( r )

Gausz’theorem :

Z

a + div(a)

div(r ):
div(a) =

Z

a n

@

where n is the outward pointing normal to the boundary @ of . Then we …nd:
Z
Z
Z
r r =
r r +
r n
@

Using the common notation: @n = r n for this normal derivative, we have found
Z
Z
(B.10)
L( ; ) =
[ r r
(x)] dx +
@n
@
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To …nd the variational derivative, we restrict to test functions (which vanish at the
boundary) and …nd
(B.11)

L( ) =

r r

(x) =

(x)

where we recall the special notation for the Laplace operator:
Laplace operator:
so, for instance

Z

= r r = @x2 + @y2 + :::

1
jr j2 =
2

2.3. Stationarity condition. We now consider the basic optimization problem.
Considering L(u + "v) for an admissible variation, in general this value will di¤er from
L(u) in …rst order in " as follows from (B.4). A critical point will be de…ned by the fact
that this di¤erence is of higher (most times second) order.
Definition 5. A point u
^ is called a critical point, or stationary point, of the functional L on the set M if the following holds:

(B.12)

L(^
u; v) = 0 for all admissible variations.

As in …nite dimensions, the notion of ‘critical point’ is a generalization of a local
maximum or minimum.
Proposition 1. If L has a local maximal or minimal value at u, then u is a critical
point of L.
This is a basic result in the theory of ‘…rst variation‘: (B.12) gives the condition for
a point to be a critical point, and this is a necessary condition (usually not su¢ cient)
for a point to be a local maximum or minimum.
2.4. Euler-Lagrange equation. It is possible to translate condition (B.12) into
an explicit equation for u
^ along the following lines.
Let u
^ be a critical point of the unconstrained variational problem for L on M. From
the stationarity condition (B.12) and the fact that all test functions are admissible
variations, it follows that certainly it must hold that
(B.13)

L(^
u; )

h L(^
u); i = 0 for all

This leads to the equation for u
^:

2 C01 ( ):

Proposition 2. Euler-Lagrange equation
If u
^ is a critical point of the variational problem for L on M, then (provided L(^
u) is a
continuous function) u
^ satis…es
(B.14)

L(^
u) = 0:

This equation for u
^ is called the Euler-Lagrange equation of the functional L.
The proof of this result is an immediate consequence of the …rst order condition
(B.13) and the following basic Lemma.
Lemma 1. Lagrange’s Lemma
Let f be a continuous function on that is such that
Z
f (x) (x)dx = 0 for all 2 C01 ( ):
Then f vanishes identically on (the interior of )

: f (x) = 0 for all x 2 .
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Proof. Suppose that at some interior point x of the function f does not vanish,
say has value > 0. Then, from continuity of f , there is a small neighbourhood of f
such that f doesn’t vanish there, and in fact, f (x) > =2 for all x; jx x j < r0 for
small enough r0 . Now take a test function, say , Rthat is nonnegative (positive)
inside,
R
and vanishes outside this neighbourhood. Then
f (x) (x)dx > =2
(x)dx > 0,
contradicting the assumption.
2.5. Natural boundary conditions. From the vanishing of the …rst variation for
all test functions, the Euler-Lagrange equation is obtained. But there may be more
admissible variations than only test functions. In that case, for a critical point it should
also hold that the boundary contribution in (B.5) vanishes:
Z
(B.15)
b(^
u; v) = 0; for all admissible variations.
@

For admissible variations di¤erent from test functions this condition will give certain
conditions for u
^ on the boundary @ . If this happens, these conditions are called natural
boundary conditions: they appear as additional conditions for a critical point, not by
the requirement that u
^ should belong to M, but from (B.15), which is a consequence of
the stationarity condition (B.12). We will give an example in the next section.
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3. Principle of Minimal Potential Energy
For time independent problems, or for stationary states of time dependent problems,
the actual physical state may be described by a principle of minimum (potential) energy,
which means the following:
there is a set of admissible, physically acceptable, states M,
there is a (potential) energy functional D that assigns a value (“energy-like”)
D(u) to each state u 2 M,
the actual physical state is the state u
^ that minimizes D on M.
We present some examples to illustrate the applicability.
3.1. Dirichlet’s principle. Consider a domain
R3 with boundary that consists of two parts @ = @ 1 [ @ 2 . We are interested to …nd the stationary irrotational
‡ow of an incompressible ‡uid, when at part of the boundary @ 1 the ‡uid is inserted
with a known normal speed u1 .
To proceed, we introduce the ‡uid potential such that the ‡uid velocity is given
by u = r , and consider the functional (note the boundary integral!)
Z
Z
1
2
D( ) =
jr j dx
u1 (x) d :
2
@ 1

Dirichlet’s principle states that if the actual …eld exist, it is such that it minimizes this
functional among all potentials. The minimization problem
^ 2 Min D( )
leads to the vanishing of the …rst variation
Z
D( ^ ; ) =
r ^ :r dx

Z

@

which after applying Gausz theorem leads to:
Z
Z
^ : dx +
D( ^ ; ) =
@n ^ :
@

u1 (x) d = 0
1

Z

@

u1 (x) d = 0:
1

Restricting …rst to test functions , the vanishing at the boundary leads to the Euler^ = 0 in the interior, so that there remains
Lagrange equation
Z
Z
h
i
@n ^ : +
@n ^ u1 (x) d = 0:
@

2

@

1

Now, variations of at the boundary part @ 1 that vanish at @ 2 lead to the required
in‡ux condition, while arbitrary variations of at the boundary part @ 2 that vanish
at @ 1 lead to vanishing of the normal component at @ 2 , and we get the Neumann
boundary value problem:
8
^ = 0 in ;
>
>
<
@n ^
= u1 on @ 1 ;
>
>
:
@n ^
= 0 on @ 2 :

Observe that the Neumann condition on @ 2 arises as a natural boundary condition,
and that the boundary term in the integral produces the correct in‡ux condition at @ 1 .
However, the above is purely formal, and we have no guarantee that a solution
of this problem actually exist. In this case, physical intuition can easily predict that
most times such a stationary solution will NOT exist: only in‡ow (or out‡ow) at the
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boundary @ 1 and no in- or out‡ow through the remaining boundary @ 2 will in general
con‡ict with the incompressibility condition. We can expect a solution to exist only if
a compatibility condition is satis…ed. This condition results in this simple case from
integrating the Euler equation and applying Gausz theorem:
Z
Z
@n d :
=0=
@

Hence a necessary condition for the given boundary problem to have a solution is that
Z
u1 (x) d = 0;
@

1

i.e. that there is no nett ‡ow into the domain, con…rming the physical intuition. It can
actually be proved that this necessary condition is also su¢ cient: for total zero in‡ux,
there exist a stationary ‡ow.
Exercise 12.
(1) Show that a critical point of
Z h
Z
i
1
2
Crit f
jr j
(x)
dx
j (x) =
2
2
@ 2
satis…es

8
>
<
>
:

=
=

in
1

1 (x)

for x 2 @

1

g

;

on @

1;

@n
=
2 on @ 2 :
(2) Show that there exists at most one critical point, and that, if it exists, it is in
fact a minimizer.
(3) When @ 1 is empty, derive the necessary condition between 2 and for a
solution to exist. How is this condition related to the …niteness of the minimum
value, i.e. to the boundedness from below of the functional?
3.2. Weak formulation. We have seen that the variational derivative of a density
functional follows from the …rst variation by applying a partial integration, restricted to
test functions to avoid contributions at the boundary:
(B.16)

L(^
u; )

h L(^
u); i for all

2 C01 ( ):

Without having explicitly stated, when writing down the Euler-Lagrange equation L(u) =
0; in general some smoothness has to be assumed for the extremal function.
On the other hand, we have seen that the …rst variation is the basic result from
di¤erentiation in a direction, and so without partial integration that result is valid. So
we could just as well interpret the result after partial integration even in cases when
it is not a continuous function, by requiring (B.16) to hold! This turns out to be a
very fruitful idea to generalize the notion of di¤erentiability of functions that are not
di¤erentiable in the classical way. This is then often called generalized derivative, or
distributional derivative (in the theory of generalized functions). When we interpret a
BVP in this way, we often talk about the variational formulation of the problem, or
about the weak formulation. It is also the basis of Finite Element methods, where a
given equation is not interpreted pointwise, but integrated against spline functions, so
that a weak formulation results.
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4. Dynamical Systems and Evolution Equations
In this section we consider dynamical systems with a variational structure, systems
from Classical Mechanics and some problems from wave dynamics.
4.1. Classical Mechanics. Problems from Classical Mechanics deal with the motion of a …nite number of point-masses, usually with interactions between them and
in a force …eld. These systems are described by ordinary di¤erential equations for the
position of each of the masses. Roughly speaking, these equations are in the form of Newton’s law of force. But, and that is characteristic for Classical Mechanics, the systems
are in general ’conservative’, there is no dissipation, and the total energy is conserved.
From the conservative nature it follows that the equations of motion themselves have a
variational structure: the actual motions are critical points of a certain functional, the
‘action functional’. We consider two ways of describing such systems; the Lagrangian
and the Hamiltonian way. It may be observed that the integrals are integrals over time,
from an initial to a …nal time. Boundary conditions are such that at these moments the
actual con…guration is supposed to be known; this boundary-value formulation is very
di¤erent from an initial-value problem, but is needed to …t in the variational frame.
4.1.1. Lagrangian systems. First the general de…nition, with the characteristic nomenclature, then simple examples
Definition 6. A dynamical system with position vector q 2 RN is a Lagrangian
system if a Lagrangian L(q; q;
_ t) can be given such that critical points of the action
functional (or Lagrangian functional)
Z
L(q) = L(q; q;
_ t)dt
(that satisfy the corresponding Euler Lagrange equations) are the dynamic equations of
the system. This variational principle is often called the action principle.
Consider the motion of a single mass-point of mass m moving along the x-axis,
position at time t denoted by q(t) and the Lagrangian functional
Z
1 2
mq_
V (q; t) dt
L(q) =
2
which assigns to a certain trajectory t ! q(t) between initial and …nal time the value
determined by L.
The action-principle then states that the actual, physical trajectory is the one that
is a critical point of the Lagrangian functional; more precisely; given initial position
q(ti ) = P and …nal position q(tf ) = Q, the admissible trajectories are those that connect
these points in the speci…ed time interval and the admissible variations are deformations
of the trajectory that vanish at the initial and …nal time. The Euler-Lagrange equations
is given by:
@V
m•
q+
= 0:
@q
This is a simple form of Newton’s equation for a system of one degree of freedom: q• is
the acceleration, and dV =dq is the ‘force’, which is here the derivative of the so-called
potential energy function V (q); such force-…elds are called ’conservative’.
Note that the Lagrangian density is the di¤ erence between kinetic energy and potential energy; this is typically the case for systems from Classical Mechanics..
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Also, consider the total energy E(q; q)
_ :
1
E(q; q)
_ := mq_2 + V (q; t)
2
and calculate directly that for solutions of the equations it holds
@V
d
@V
@V
@V
@V
q_ +
E(q; q)
_ = m•
q q_ +
q_ +
= m•
q+
=
:
dt
@q
@t
@q
@t
@t
Hence, if the Lagrangian density does not explicitly depend on time, i.e. @V
@t = 0, the
total energy is conserved :
d
@V
E(q; q)
_ = 0 if
= 0:
dt
@t
Again, this is a property that holds in more general systems as well, as we shall see.
For systems of one degree of freedom, energy conservation allows phase-plane analysis: in the phase plane (q; q)
_ the motion of the particle is restricted to a level set of
the total energy E(q; q)
_ = E0 ; where the value E0 is determined by specifying an initial
position and velocity.
Exercise 13. Consider as a speci…c example of an in…nite dimensional Lagrangian
system for functions u(x; t) the Lagrangian density
Z
c2
1
(@t u)2
(@x u)2 f u dx;
L(u; @t u) =
2
2

note the notation: L(u; @t u) is, on the one hand, a functional as far it concerns the
dependence on x, and therefore it actually depends on two functions, here denoted by u
and @t u, which makes sense after considering the action functional which really maps
the function u of (x; t) into the reals:
Z
L(u; @t u)dt

The Euler-Lagrange equation is a forced wave equation
@t2 u = c2 @x2 u

f

which is supplemented by prescribed and/or natural boundary conditions, depending on
the conditions of the functions in spatial variables. A more dimensional analog, with
more spatial dimensions, is
Z
c2
1
(@t u)2
jruj2 f u dx
L(u; @t u) =
2
2
with Euler-Lagrange equation
@t2 u = c2 u f
4.1.2. Classical Hamiltonian systems. One way to introduce Hamiltonian systems
is as an alternative description of Lagrangian systems, although the correspondence is
not one-to-one. The observation is that the Euler Lagrange equations for Lagrangian L
are typically second order in time. If a …rst order in time description is preferred (for
which there may good reasons, for instance from a conceptual point of view of the IVP
– Initial Value problem –) this can be done by introducing more dependent variables:
except the position vector q 2 RN one introduces momentum-type of variables p 2 RN
and looks for …rst order in time system of equations in the pair (q; p) 2 RN
RN .
Starting with a Lagrangian system, this can often be done in a systematic way using
Legendre transformation.
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Somewhat more general, we de…ne
Definition 7. A dynamical system is called a classical Hamiltonian system if the
dynamical equations can be described with pairs of variables (q; p) 2 RN RN in the
so-called phase space, and with a Hamiltonian H(t; q; p) : R RN RN ! R in such a
way that the dynamical equations are found from the canonical action principle, which
means as the critical points of the canonical action functional
Z
Ac (q; p) = [p(t) @t q(t) H(t; q(t); p(t))] dt;
and hence satisfying the so-called Hamilton equations
(
@H
@t q =
@p
(B.17)
@H
@t p =
@q

In many problems from classical and continuous mechanics, the Hamiltonian is the
sum of kinetic and potential energy, i.e. the total energy; this is di¤erent from the
Lagrangian, which is the di¤erence between kinetic and potential energy.
Almost immediately seen from the equations is that for autonomous Hamiltonians
there is energy-conservation:
d
@H
= 0 the Hamiltonian is conserved:
H(q; p) = 0:
when
@t
dt
Exercise 14. Consider as a speci…c example of an in…nite dimensional Hamiltonian
system for functions u(x; t); p(x; t) the Hamiltonian
Z
1 2 c2
H(u; p) =
p + (@x u)2 + f u dx;
2
2
The Hamiltonian is a functional on the space of spatially depending pairs of functions
(u; p). The canonical action functional now reads
Z Z
[p@t u] dx H(u; p) dt
and Hamilton’s equations are

@t u =

p H(u; p)

@t p =

u H(u)

=p
= c2 @x2 u

f

describing the same forced wave equation as treated earlier in the Lagrangian setting.
4.2. Evolution equations (Nonlinear Wave equations). We now brie‡y describe the particular structure that is found for various types of non-linear wave equations.
4.2.1. Boussinesq Equations. Equations for surface waves on a layer of ‡uid that
depend on one spatial variable but allowing waves running in both directions have the
form
@t u = @x H(u; ); @t = @x u H(u; );
i.e. written in characteristic form:
u
0 @x
u H(u; )
@t
=
@x 0
H(u; )
where u is a velocity-type of variable, and is the surface elevation. The Hamiltonian
usually consists of a part that determines the linear dispersive properties, and a part to
account for the nonlinearity in the equations.
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4.2.2. KdV (Korteweg - de Vries) Equation. Equations for surface waves on a layer
of ‡uid, and optical pulses, that depend on one spatial variable and are restricted to
waves running mainly in one direction have the form
@t

=

@x

H( );

where is the surface elevation. Again, the Hamiltonian usually consists of a part that
determines linear dispersive properties, and a part to account for the nonlinearity in
the equations. The classical Korteweg- de Vries equation (KdV) is of this form for a
Hamiltonian given here in physical variables (depending on scaling the coe¢ cients can
be made di¤erent)
Z
1 2 D2
1 3
H ( ) = c0
(@x )2 +
dx
2
12
4D
so that the equation reads
(B.18)

@t

=

c0 @x

+

D2 2
3
@ +
6 x
4D

2

4.2.3. NLS (Non-Linear Schrodinger) Equation. When modulations of a linear monochromatic wave are studied for KdV-type of equations, the complex amplitude A(x; t)
satis…es an NLS-type of equation that is of the form of a complex in…nite dimensional
Hamiltonian system:
@t A = i H(A);
with Hamiltonian that accounts for linear dispersive and nonlinear e¤ects:
Z
j@x Aj2 + jAj4 dx
H (A) =
2
4
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5. Exercises
(1) Boussinesq type of equations
Surface waves (in one horizontal direction x) that decay at in…nity (jxj 7! 1)
can be described in terms of the wave height (x; t) and a velocity u(x; t) in
the following form (a Hamiltonian system):
(B.19)

@t u =
@t =

@x
@x

H(u; );
u H(u; ):

for a suitable functional (the Hamiltonian) H(u; ):
(a) Describe the equations in full detail when the Hamiltonian is given by the
following functional
Z
1
1 2
1
u ) g dx:
H(u; ) = f g 2 + (u2
2
2
3 x

(This set of equations are the ‘linearized’equations.)
(b) In another case (shallow water, no dispersion, but nonlinear), the equations
are of the form
1
@t u = @x fg + u2 g;
2
@t = @x f u +
u g;
where is a constant. Determine the value of such that this system of
equations is a Hamiltonian system of the form (3, 4) given above.
(c) Show that the equations have the horizontal momentum as constant of the
motion:
Z
u(x) (x)dx

(2) The KdV-eqn in normalized form is given by
@t u =

@x u + @x2 u + u2 :

(a) Show that it can be written as a generalized Hamiltonian system by determining the Hamiltonian H such that
@t u(t) = @x HKdV (u)
(b) Show that the following functionals are constants of the motion for KdV:
Z
Z
u(x) dx; u(x)2 dx; and HKdV (u):

(3) The BBM-eqn in normalized form is given by
1
@t u @t @x2 u = @x (u + u2 ):
2
(a) Show that it can be written as a Hamiltonian system by determining the
Hamiltonian H and L that is the inverse of a suitable di¤erential operator
such that it is given by
@t u(t) = L @x HBBM (u)
(b) Show that the following functionals are constants of the motion for BBM:
Z
Z
u(x) dx; u(x)2 dx; and HBBM (u):
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(4) Show that Burgers’ eqn
@t u + u@x u = @x2 u
can be written as a combination of a conservative and dissipative structure by
determining functionals D and H such that it gets the form
@t u = @x H(u) + D(u)
(5) ** Variations of the boundary
Consider (for simplicity, on the plane) a given density function
”mass” in a region :
Z
(x; y)dxdy:
M( ) =

and the total

We want to see how M depends on . (Assume that the regions are ”convexlike” and can be deformed smoothly without introducing intersections.)
(a) First take the special case that is the area between the x-axis and the
graph of a function = (x):
= f (x; y) j a

x

b; 0

y

and consider the corresponding functional
L( ) = M ( ):

(x) g;

Determine the …rst variation and show that the variational derivative of L
for variations of the domain described by a variation of the function is
given by
L( ) = jy= (x)
(x; (x)):
(b) Now, more generally, describe a variation of the boundary @ by a ”normal” displacement (de…ned on the boundary). Determine the …rst variation of M .
Can you …nd an expression for the variational derivative of M ?
Verify the formula for the case of a radial deformation of a circular domain
(and = 1).
(c) Show that the more general result specializes to the case of changing the
graph that determines the boundary. (Relate a variation and the normal
displacement in this case.)
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